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Abstract 

In this paper, Hoo control for a class of neural network with mixed coupling and time­

varying delays is studied. The time delay is a continuous function belonging to a given interval, 

which means that the lower and upper bounds for the time-varying delay are available, but the delay 

function is not necessarily differentiable. Based on Lyapunov- Krasovskii theory combined with 

Leibniz- Newton's formula, new delay- dependent sufficient conditions for the exponential 

stabilization and novel criteria for the existence of guaranteed cost controllers are established in 

tenns of LMis. Numerical examples are given to illustrate the effectiveness of the theoretical 

results. 

Keywords: Hoo control, Exponential stabilization, interval time-varying delays, Lyapunov function, Linear 

matrix inequalities. 
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11¢11c = sup i1¢(t)i1 1rle:i ¢ E C ,,,, 
- r s;1s;0 

x(t) = dx(t) 
dt 

0 9 tj) .Q rl 
f11'11'W\Pl !'11!lJ'V]jf19f A E Rnxn 



I t ~ ~ 
A-(A) U'Yl'W !9/~'Uel.:Jfll!'lll :t'll.:J (eigenvalue) 'YlWilJ~'Uel·:HlJ'Yl'H19/ A 

~ in ( A) = min { Re /4 : 1 E 1 ( A)} 

~ax ( A) = max { Re /4 : 1 E A( A)} 

'W 'll l'HU 1 fflJ fll 'j 

x(t) = f(t , x) 

ihnf1J i = I, 2, . .. , n 

'l.J'Yl'Ul'.IUJ 1 ~~illJ~t'l'IJ'eMfflJfll'j (1) fiei x = a ~vh111 f( t , a) = 0 

'l.J'YI-Ul'.IUJ 2 flll1'W~111 O = (0,0, ... ,0) !il'W~fliltJ~t'l'UeJ.:Jffllfll'j~ (1) mi1'il :::nriT·r:h o 

6 

(l) HY Ol'.l ':i ( stable) 01 iYll1 i'1JlJ fl£ > Oii 5 = o(&,t0 ) > 0 t-:i 01 llx(t0 )II < 8 uJ 1 

llx(t)II < £ iYll111JlJfl t 2: t0 2: 0 

(2) HYO l'.l ':i!;.:J!tl'Ut1 1fl'l.J (asymptotically stable) 01 0 !1l'W~~illJ~t'!!il0eJ'j Ut'l:t 

llxCt)II ➔ o !rlei t ➔ oo 

(3) i iimorn (unstable) 01iiJ!iJ'Wi1.J1>11miei'Wi'U ( 1) tl'Wfio ii£ > OlJfl <5 > 0 ii x(t
0

) 

~.:i llx(t0)II < 8 Ut'l:t llx(t)II < £ iYll1 i'1J1Jl-:Jfll t 2: t0 

'l.J'Yl'Ul'.IUJ 3 ~.:Jfi'lf'W i t'l ~'Wm<l (Lyapunov function) 

' " 
'j:t1J1JillJfll'j (1) 01!1o'Wi'Ul>leJi1.Ju'll1-:i 

., ., , av', ,d , .,; 
l. V ( x ) Ut'l:t 'Ylflel'W'Vi'W1WeleJ - tfleJ'Yl i = I, 2, 3 , ... , n ~el!'Wel.:J • • a 

X; 
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2. V(x ) ii!u 1J1flU'UlH>'U (positive definite) t.Tu flo V(O) = 0 m i::: V(x) > 0 rlmfu 

X :;t 0 

a., rl ,d, QJ ~ 

3. 0 1-¾Vj 'W 'Ii'\JO.:J V(x) !'Vl tl 'l.Jf1'l.J t 'flO 

av av av 
=- I' +- f + ···+-J, a 1 , a 2 a " X 1 X 2 X

11 

tll'W ~~i,'11JUU'U0'U (negative semidefinite) t.T'WflO V(O) = 0 m i::: V(x) :::; 0 rl7111 'l.J x :;t 0 

"' ""' 't1~14t)1J't1 l m:n'Jw1'J::: 'l.Jrnn.1m'J 

x = f (t , x ) 

'Wtllll 3 

ii a., ~ a., rl ~I I c:, ~ 9,1 

irn~mrn-rn'l.J'l.J'Vl'Wtll ll 3 m 1::: 0 l¾Vj 'W1i '\JO.:J V(x) tu 'W't'l'l.J!t'U'WO'W (negative definite) 'W'U'fl O m 

V(O) = 0 tm::: V(x) < 0 rlmfu x :;t o 

x(t) = f (t , x, ), t C. to, 

x,
0 
(0) = ¢(0), \7' 0 E [- r , O], 

f( t , 0) = 0 



8 

q I.I .I """" 
'flq'j,j,t)'IJ't1 &tl1.J'lHl'fi-1l<Jfllrl'U (Lyapunov-Razumikhin Theorem) 

i ,i, f ) C n ::'I -~ "'"' .d ' .d"' C 1/J. I "' .d"' '11 (t,¢ : RX n r ➔ R 11J'WY'l-:Jfi'lfW'VH1'-:J'illfH91\91'\11lJ'Uel'l.H'IJ\9l'IJO-:J n r tutl-:1191\91'\llll . ' 

i ,i, ::'1 -~ "' "' • d ::'1 -~ .- "' 1/J , di 'IJO'l.H'IJ\91'\Jel-:J R" m,t '11 u , v, w,p: R+ ➔ R+ l1J'WY'l-:Jfi'l1'W\910t'WO-:Jlnltl1J'WY'l-:Jfi'l1'W 1mw, 91-:J 

u(s), v(s), w(s) , p(s) ii~11~'W,1'W1'W'il1-:i1rm ri111f'IJ s > 0, u(0) = v(0) = 0 

gJ d ,.~ t{ a., I .dt ,c9 gJ Q../ 

tlllln-:Jf1'l1'W\9lell'Wel-:J V: R x R " ➔ R 91-:J'ffOflfl't'IO-:JfiUmrnnn 

,iJ 0, 

mi t 'ff o fl trn el -:i n 'LI el 'ff ii m 1 

V(t,x(t))~ - w(llx(t)II), 07 V(l + 0,x(t + 0)) < p(V(t , x(t))), V0 E [-r,0] 

j/ 11)3/1 dd ~ 9Jo a., ,., I 
IW1'il t !fl11 ':it 'IJU'fflJf11 ':i (3) lJl'fffltl ':ifll'l"H'l1-:Jt'ff'Wf11fi'IJ!OfiJ u (uniformly asymptotically stable) 

1,r f(t,¢): R X c n,r ➔ R" 1th.Jvi-:ino!T'U~{Y-:J'i)lfHCJfl>l~ihJOU!'IJ\>l'IJtN c,,,r h JJ-:i191\9l~ij 

i ,i, ::'1 -~ .- v , di ::'1 -~ .- v 11J , di 
'IJO'IJl'IJ\91'\JO-:J R" Ut'l t '11 u , v , w: R+ ➔ R+ lu'Un-:Jfi'l1'U\9101'UO-:JUt'ltlu'Un-:Jfi'l1'U !lJt'lfl 91-:J 

u(s), v(s), w(s) ii~11~'W,1'W1'W'il1 -:iu1n rimf'IJ s > 0, u(0) = v(0) = 0 

g/ d. ,.~ ff Q.I I _dt .,::9 9/ Q.1 

tlllJn-:Jfi'lf'Wl>lOl'WO-:J V : R x C ➔ R CJf-:J'ffOflflt'lel-:JfiUO'fflJf11':i n,r 

(1). u(ll¢(0)11) ~ V(t,¢) ~ v(ll¢11) 

(2). V(t,¢) ~ -w(ll¢(0)11) 

,i, 1/J ,i, ' "' "' • I 
Ut'l1'ilt 1~111"t'IJU'ffllf11':i (3) llt'fffltl':ifll'W!OfiJu (uniformly stable) 

' ,, 
Uftt01 w(0) = 0 'il~i~11 !!~1'il~i~11 ':i~UUfflJf111 (3) i'.irn~t1':ifll'Wlimfon1n'IJ v-:iiiJn11tl'u 

4}I j} ll)i/1 d d, Q g/ 0 <11 ... I 
m w(s) > 0, s > 0 Ut'l1'ilt 1~11 ':it'IJ 'Uffllf11':i (3) lJ!fffltl':ifll'Wl'lf-:Jlff'Wfilfi'IJ!elfiJu (uniformly 

asymptotically stable) 
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QI ~I O Q O 'l 3/ ~I ~ ,I I I 

ftfl'l:JWtm'Vllt (eigenvalue) !U'W'il l 'Ul'W'ilH(l'IJ fll'tt'W~ '11 K !u'UUJ'Yl'.iflCJ/itlJlJWl '.i 'il tflm111 K 

~ I ..::::. ti ' d ' ~ ' ~ I o a 
!u'W!lJ'Yl'jflCJ/Ul flU'W 'W tl'W fl\91 01:1.Jtl'l'Jflfll!'illt 'il-:J (eigenvalue) tu'W 'ill'W l'W 'il '.i-:JU1fl 

:., O (;} 9/ IIX/1 ~ I ~ ,I ,d 
'U't'lvl-:J I (Schur complement) fl1l1'W~ tl1 Q, S, R E R tu'WUJ'YlrnCJfCJ/-:J 

[ 
Q(x) S(x) ] c:1 , ..,; 

1 
r 

r < 0 fl\91tltlJO Q(x) + S(x)R- (x)S (x) < 0 
S (x) - R(x) 

'Ylfl X E R" . 
'UTI~.:.i 3 rl111frn:1.J'Yl1flCJfftlJlJl\91'.iU1flU'W'WO'W M(> O), r iilu,1u1u'il1-:iu1rnrnt'w'-:iniu 

ti . , ,% d a 

nmmn W: [0, r] ➔ R" OftlJfl1'.i\910i'llutu'W'ilH 

u W(s)ds J Mu W(s)ds),; ,(Iw' (s)MW(s)ds) 

' .c::.'.).QJ .c:I V 1J 
n 11 n'U n 1u .:.irn 'Jilm mn fl'U 'll e.:.i 

" 
tlTIU1t11unJUUUftlJfl1Hi -:iu [ l]-[7] .. 

N N 

x;(t) = -a;x;(t) + L w!iJ;(x;(t)) + L w~J;(x;(t-h)) + I ;, i = 1,2, .... ,N 
j =I j=I 

x;(t) = r/J;(s), s E [- h,O] 

1~v~ x;(t) !tl'Wirtll 'W t 'lJO-:JtCJ1fti'll1 t ftl'Yl N 'l'Ul'W'lJtl-:J!CJlfti'll1tm'Yl a; E JR + !tl'W 

tl'mhdrV1i'lJO-:J!CJ/ftt11htm'Yl w = {w!J }, W1 = {w~} UJ'Yl1flCJfci1.:.iJ1mrn'lJO,!J\vll!~tllJ~tl 

~I - '.'I' <' °' ii <'. I 'i "" (connection weighting matrix) J; (x;(t)) t1J'WTI-:Jfl'lf'Wfl'.i t~'W'lJ O-:J tCJfftftun1;Y1V1 t~V'Yl J;(x;(t)) 

'ilt~o-:i1;Yo~r1~0-:inrniou i 'lJ~-:irl JJ,(u) - J, (v)J ::; I'; Ju-vJ rl rn f u u, vE IR I, itlulvf11ri 
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x(t) = - Ax(t) + Wf(x(t)) + W'f(x(t-h)) + I 

lwil fUl'. 1998 J. Cao 1rn::; D. Zhou i'fi'fifnnm1::;1111iei'Wi'IJ~!'WV~'V'HHY7'11i'irnTJii 

1i;rovw1vi1~n1N 'UV~ im~,uiv1.h:::m'lll1vivll~iii1ml1~ (7) 1~v~1iei'W i'll~itllJt'WeiQfiui1 
. . " 

I "I "111) !ll ·~ . I "' "' '11'W1~ m1::;1~el'W'\11 l~'il:::eiv !'WluUUU~~'W ., ., 

~eim1uil 'fl. ft'. 2000 S. Arik 111;1::; V. Tavsanoglu [2] i'fi'fifnrnrn::: '\111ieiui'IJ~!'WV~l'lel 

rirni'um1ii1i;r(ivu11vi1~ni'1~ 'llel~ 1m~,uiv1h:::m'lll1vivll~iii1ml1~ (8) 1~v~1ieiu i'll~i~iii 

tm1tjnui1ml1~ 1rn:::i~1ieiui'IJ~~f)17 J. Cao 1rn::; D. Zhou fl7'111U!iei'Wi'll~!'WV~l'lelfl1'11i'U 

. " 
m1foff()Vrn1vi1~n11~ 'UV~ im~,uiv1h:::m'lll1vivllviiii1ttil1~ (8) iii~-w 
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' V 

n11~ '\HN 1m~~iv1.htm'Vl1'VimJ'Vini1ttl-!1~ (8) i~u 

1. - (W + w r + /JI) !~'W'IJ'Jf)Ui-!'Wtl'W 

hw~ /J > 0 ~~,lt!'tt'W1l!it1 'W!'IJ~'1;J'W~n11 S. Arik Ul:l t V. Tavsanoglu 1rim'i1'l-n' fJ = 0 ,Jt 

'1;1it1'W!'IJ!MlJtl 'Wfl'W U~!riti /J > 0 1it1'W !'IJ'Ut1~ S. Arik Ul:lt V. Tavsanoglu !JJ illlll'it11;l'J 'Unn 

d d 31 l.r)V 
lJ!J;YtltJHll'Vl'J~n'Jl~ !'fl 

G1 ~ I \rJ j/,r:9 ~ \rJ d d o Q.I d d 31 
!'WlJ fl.fl'. 2002 S. Arik !'flfl'fflflUl:lt l'!l!~tl'W !'U'Vl!'Vltl~'Vltlilll'!'i'IJf)lrn!l;Y()tlHl l'Vl 'J~f)'Jl~ 

'Utl~ 1m~~ltl'U'it ill'Vl!'Vit1l.J~ni1ttl-!1~ (8) l'fltl!~'W'Vltp,JQ'IJ'Vli~tl 

ct d j/ 'j) d ~ d' p d ~I I d 

'tl~'i:lt)'I.J'n 2 ~'flj;l'l.J~l:l'Utl~ (8) ,l t !l;Yt1t1Hll'Vl 'J~f11l~ tlll.J !lJ'Vl'if)CJf 'V1!1J'W'IJ1f1U'W'Wtl'W Ul:ltl.J 

m'V11 n91 K ~ !JJ!~'W 1:1uu l-!'Wti'W ~~J;Yti'flriiti~tirnivu '1 'll~ti '1 iJtl 

' ' " ' ~ ~ 1/J d ~ ~ 1/J 
9/~l;l'tl~!~tl'W !'IJ'W,Jtmt1'Lifl 'Jllt1~!~tl'W !'U'Utl~ S.A rik Ul:lt V. Tavsanoglu [2] , J. Cao Ut'l t D. Zhou 

d t Q.l d d ~ ~ ll)!i/ Q.I ~ 
[4] t1n'Vlw~1tlumwm'Vl1t 'U t1~ s . Arik [l] CJf~t11i'IJlt11'fl'fl~'W 

.ct .cl 'l 'j/ ,ii 1/J 'l d 1/J 'j/ 

fl 'a W'tl 1 !l'! p = I Ut'l t K = 0 !~tl'W I'll! 'W'Vltj1J~'IJ'Vl 2 ,) t ! 'fl w + W7 < 0 !Wt 

W 1W 11 - I ~ 0 ~~!1]'W1it1'W!'IJ'l'W J. Cao Ut'l t D. Zhou i ~t!'W 1it1'W!'IJ'l'W J. Cao Ut'lt D . Zhou [6] 

?I d .Ji 
!1J'WfnWM'W~'Utl~ S. Arik 

fl'aWTI 2 'l-n' P = I Ul:lt K = /JI l'fl tl~ /J >O 1i t1 'W !'IJ! 'W'Vltj1JQ'IJ'V1 2 ,) t !; 

W + WT+ /31 < 0 Ut'l t w1w1r - (/J + l )]'.5;0 t!'W~tl. llwt'.5;~ ,)t'1;11 

I IT Q.I t ~ \rJ G) d .c::t <d 
WW - (/J + l )] '.5; 0 'fl ~'W'W!~ tl'W I 'll t'W S.Arik Ul:lt V. Tavsanoglu [ 2] !1J'WmWM'W~'Utl~ S. 

Arik [1] 
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~oml! n 1 11v11" 1t1vi1'W 1~i;f 'W f r f 1ffnm1rnt m 1io'W l 'U~rvlv-:.i'l'j ori111 f u 1 m-:.i,iwiJn ftl'YI 
' ,, 

1vim.1viiji1mJ1-:.iu iJ '.i~mrn.1nm 1~0nrnvi 'W '.iDU1.J1.JfllJtll'.ii-:.ii1 [8]-[ 15] 
" 

N N 

x, (I) = - a;x;(t ) + L wifj;(x;(t)) + L w~J; (x;(t - h(t))) + l ;(t), 
J=I J=I 

"' 11'.itl 

x(t) = - Ax(t) + Wf (x(l)) + W1f (x(t - h(t))) + l (t) 

9 ':'I liJ ~<9 "' II] .d "' o ., 
t'W1J fl.ff. 2005 Q. Zhang, X. Wei m'lt j. X u [14] 1~fftl1flU'1t'l11!-:.J V'W !'U'Yl!'l'jf.1 -:.J 'l'j tJ ftll'i '.i lJ 

1m-:.i,i1viJ'.it iYi'Yltviv:1.J~ij i111il1-:.iuiJ '.i~'Wl•11l.lnm (IO) i~v~ h(t) > o t~'Wi111il1 -:.iuiJ '.i ~'W 

.,; ., d'li] ~ ~ • 'l' .d 
\91 l lJ!1m'YlftllJ1'.itl'l170 't-l'l'j'W1i !~ m 1t flO~f1'1t) -:.J t)fllJtll'.i O :S: h(t) :S: h U'1 t h'(t) ::S: h < I !~V'YI 

• I O 'I ~ -~ d' o, ~ .. • I d h = sup h(t) U'1 t h = sup h (t) mm...1~ t'l1 J; (x;(t)) TI-:.Jtl'lf'Wtl'.i t \P,J'W'UO W li'1'11J '.itftl 'YllJ 
i elR relR 

' ,, 31 GI ~ l'ld 
'U01.J!'U\91U'1t fl0 ~fl'10-:.Jtl1.J!-:.JO'W I 'U'W 

O < J; (a) - J; (/3) < L ri111 f 1.J'Yltl a ic /3 - a - /3 - I q 

,, ' ' Q d .cl O QJ 'j/ g/ .d I d .:9 'J/ 
mpJtJ 'UTI 3 ~~fllJ~'1'UtJ-:.i (lo) 'il ttmwrnrnm 'U'lft11'1-:.i1-:.in1 1-:.i m:1.Jmi'l -:.J Y11.J1t1CJ1-:.iir0 ~i'l " o -:.i 

tlfllJtll '.i O < k < min{a;}, d; > 0, i = 1, 2, ... , N U'1t !l.J'Yl1 tl9f Q > 0 ~ ttl'W1.J1tlU'W'W O'WU"1 t 

!lJ'Yl1 tl9f P :?: 0 ~!~'W~-:.J1.J1 tlU'W'WO'W ~~-:.JflO~i'l~O-:.Jtl1.JOfllJtll '.i !lJ'Yl1tl9ft; -:.iti¥'Wi -:.i tl 

[

hP-2D(A - kl)r1 + Dw +w.,.D 
i"Q - IWI 

QD 

i~v~ L = diag(L;) U'1t ri111 f u h* < 0 

ekhW IT Q - 1 

- Q - 1 

0 

DQ] 0 < 0 

- Q 

,, ' ' ct ct d o a., 'J) 9J d I d & gJ 

TI~'lJt)'UTI 4 ~ ~ fllJ ~ '1 'U 0 -:.J (1 O) 'iJ t t fftW'.i fll'l'j 1" 'U'lf tll '1-:.J'J-:.J tl 1 H tlllJ fllfl -:.J 'Yl1.J 1 tl CJl -rnv~mrn-:.i 

• Q cl d ?1 , 
OfllJtll '.i O < k < mm{a;}, d; > 0, i = 1,2, ... ,N Ui'l t tlJ'Yl'.itlCJi Q > 0 'Ylt1J'W1.J1tlU'W'WO'WU"1 t 

Q o' dQ ~ I dc9 gJ QI Q c/ Q gJ Q.J~ 

!lJ'Yl'.itlCJi p :?: 0 '\IUU'Wtl-:.J1.J1 tlU'W'WO'W 'Yl9f-:.JflO~fl '1 0-:.Jtl1.JOfllJtll '.i !lJ'Yl'.itl9f!'lf-:.J!ff'W~ -:.J'W 
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kh 

hP - 2D(A - kl)D 1 +DW +W 1 D e w irQ-1 DQ 
~ 

kh 
e Q-lwl - Q-1 0 < 0 
~ 

QD 0 -Q 

t d d 9) t 9) c. o'c. j/ ~ ct 

'il 1 fl 'Yi-:1 TI el -!I 'Yl q 1l t) 'U 'Yl fl ffl 'lJ 1 ':i ti TI':i W\J 'W ~ el 'W fll ':i !! fl el 'ft'lJ fl 1':i llJ 'Yl ':i fl 9H 'If -:i I TI'W I 'W el 'Yl 'il ::; 'H 1 

' " " 
~l'ft -:iMt'\Jel-:i k 91-:i k ~mJ~':i l'\Je:J-!lfll':i rit'Ul!!'U'UU'l'\J'lff11t1-!l 'll'W~e:J'W f11 ':i 11ntf t1.rtt1eli'l''lJfll':i l:I.J'Yl 1 fl CJ$ cu q cu u 

' " Ci 9) d 4 ll'] 3/Q..l.:;:t 

!'lf-:i! 'ft'U 'Yltr1:I.J1::; TI'JJ el 1i'IJ 1 ti l \Pl \P'l-:i'U 

I . Maximize k 

~ c, ,I c, ~ 1 " ~ 1• 1 d 1 ~ ~ .,j ~ 
2. Ufleli'l''lJfll':it:i.J'Ylrn9H'lf,:Jti'l''U \Pltl !'If u':iUfl':i'lJ Matlab Uf!::;!'\Jtl'W 'fl\Pl'\J'W:I.Jl!'WelUfl 

"" ,1 "" ~ d 11J ~ "' IIJ ~ • .Ji ?I ' 
el'ft'lJfll':il'lJ'Yl'ifl9H'lf-:im''U ~fl'Yl !\Pl 'flel l\Pl'fll k = 0.19 cimu'W'fllTI-:iTI\PI ., . 

~el'lJli'Wil 'fl.Fl'. 2006 J. Park [ 13] ,~~fl1ll11'1~'1111ieJ 'W ! '\J~l'Wtl-:J'Ylelffl'H~'iJ1'flH~ltl 

1h::;m'Y11'Vit1:1.J~iji1r1ii1.:iu1hff'W~11J11m (lo) 1m::; h(t) > o ef.:i1~'Wi1r1ii1-:imhff'W~11J11m~ 

.,, <Ill)~ .,; II) d d "'IIJ ~,;, ~ '.,, .,, ' ~ .Ji C, II) ~ 
ill:I.J1Hl'l11el'W'Yl'W1i !fl 1-:!el'W !'\J'Yll'VW-:J'WO'Yl !\Pl'W'W'il~'\J'Weltlfl'IJ'\J'Wlfl'\JO-:!~ T tt'W1 -:!\P1 1 tl 9i-:Jel1i1Jltl !fl . ., 

TI~'lJa1J 't1 5 f11'H'WfliM 0 5, h(t) 5, h, h'(t) 5, h . < 1 1rn::; L, = diag{Li,L2, ••oo,LN} ~\Pl'ft'lJ~fl 

'\Jel-:J (10) 'i) ::; ITIOtl':i fll'Yl1'1'\Jin1i1-:i1-:in11-:i~1t1i ~ ':i lf11':i~!'Ul k t:i'1fo:1.J'Y11nci1 p ' Q , R ~!~'W'U1fl 

" 11J'Y11 nci11;-:i1~'W ~oi1Hl 

PW +4kD 

rr2 

* 

IT 1= 2kP - PA - ArP + R, 

PW

1

J DW 1 < 0 

IT3 

rr2 = DW +w 1 D +Q - 2DAI.-1, 

IT3 = - (l - h• ) e -2kh (Q + I,-1 R I,-1 ). 
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°l'wu,i ~1JU [ 15)-[ 17 ] 1;ihTn1,fo 1;flfl'lfl!nlt'rrnieiu rl111i' 'Li 1 rlH~lVtht~l'VHvirJlJ~]J 

i111u 1-:iuth pfu~llJ! 1mU1.J'IJ~~lJ m'lt l~elTI'I.Jlm~u ~lJf)lJ t;-:i elU'WU 'fi omis111~ sl i~i-:ici 
q 

I 

x(t) = -Ax(t) + Wg(x(t)) + ~g(x(t-r(t))) + W2 f g(x(s))ds + u(t) 
1- r(I ) 

y(t ) = g(x(t)) 

., ., 
tvlr.1-:ivrn 1~1~uv1i-:i'h1:iJi-:ii1 

'Uri~ ~ I. f1711U~~ll.!1l.!t~lJ'IJ1fl m,n U'1t~l l.!1l.!'11-:i /3 E (0, I ) tlJl'l1f191 R > 0 U'1t tlJl'l1f191 

wi, w2 E JR IIX II/ rl111i''Ul'Jfl i; E JR"' u'1t~-:ini'u e (/3, R) i1r.111J 1~r.1 

jl j/d "'o' d jl [R 
U'11tlllJ tlJl'J';jf)C)/ X E JRIIX /1 l'l~el~flmM x r 

[
W<;]r[ R min 0(/J,R) 2:: 1 

7 Pe(O,I) W2; X 

1-i eimil 20 1 7 Z. Chen [ 16] !~flfl'lflU'1t117ti ell.I I 'U~tvle.i-:i'Yl elfl17llt"1'~ e.irnTwri111i'1.J 

1 m s1~1r.11.ht iYll'ltvie.ilJ~iii 111,l 1-:iu1.h pfu~1rn 1mu tJ'IJff/;'l'lJ~iii 1 llll'l'.i 1rni rn~1 l.! 1 fl'.i -:i~1t1 

x(t) =-(A+ M(t))x(t) + (W + LiW(t))g(x(t)) + (~+Li~ (t))g(x(t-r(t))) 
I 

+(W2 + LiWJt)) f g(x(s)')ds+u(t) 
1- r (I) 

y(t) = g(x(t)) 
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' V 

1m.1Yii1 i~m 1'lJ~ 1iJt11lJ\9l7ll iYllm'i~eJ i tlti 

& ~I q o' • d ~I ,..~ o' QJ 

CJJ';j G; trnt E,, (i = 1,2,3,4) tu'W!ll'Yl 'i f1CJJ''fllrM'Yl F;(t ), (i = 1,2,3,4) tu 'W-n;jf1 '1f'W!lJ'Yl 

1 f1CJf~utlnf'W\9l7 llnmnB~mfo;jfl'lJ F r (t)F(t) ~ I rind'm1'Wi i vi~\111ieJ'W~!'Wt1;jvrnih tti''lJ 

f1WV17;j7'W '\JeJ;j 1 m .:i~ 1t1tln m'Yltvit1ll~iiiTtt'W 1-:iutl'i ~'W mlln mu'lJ'lJ ~ffll~ii i 1 i~'Yl'i 11J~1 1~v 

i~B1ivm1~;j~ eJ i tltl '1 'W m'i'Vi~'illJ'Yltlll0'll'Yl'l1"'f1 

uni -:i 2. nrn'W~'liX1m11 f1CJ1 D , E Ut'l~ F 1~v~ F TF ~ I trn t i7'W1'W 'il1 ;j'l.J1 n & > 0 'il ~ I ~ 
V 

elillJf)l'j~e) i tl tiiil'W 'il1 ;j 

1rn~ 'l'Wil 20 17 x. Lv [ 17] J.~flf1ll1Ut'l~ 'l111ieJ'Wl'U~!'Wt1.:i'V'l eJ 'fl1 7llii1iri1t1rnrn ri111i''lJ 

1 m .:i~ wtl 'i ~ m'Yl1Yi t1ll~iii11-1ii 1-:iu tl'i ~'W \9l1ll! 1t'l 7u 'lJ'lJ ~ffll l~t1ii i 1 1-1ii 1 .:i1il'Wu 'lJ'lJU tl 'i ~'W\9l 1l.J 

nm~1il'W 'lf1;j m1~i 11-1ii 1-:iu tl'i ~'W\9l 7ll! 1mu 'lJ'lJU 'il f1u 'iJ;j~til'Wi1 .:i u t'l t i~Bnrnmil'W ffllfn'i ti;j 

l-a 1 (t) 

x(t) = - Cx(t ) + Af(x(t )) + Bf(x(t - h(t))) + D f f(x(s))ds + u(t) 
1- 0-2 (t) 

x(t) = ¢(t ), - rmax ~ t ~ 0 

' ,, ' ii ' 

1~vvi ;j l 'W i i vii i~n11-1'W~11eJ'W~tl i tl tiri11-1i''l.Jm'iiitni1vrn1'V'lrimi''l.J 1 m .:i~1t1tl 'i t m'Yl1Yit1llvi ii 

i1m.i 'J;jutl'i ~'W\9l7llt1t'l 1u 'lJ'lJ~ffll l~viii11-1ii 1.:i1il'W1mrn1tl'i ~'W\9lrnnm~iil'W'lf1 ;j 

V 
d 

'W 

0 ~ hi ~ h(t) ~ h2, 0 ~ Pi ~ a-1(1) ~ a-2(t) ~ P2, LE JR+ t E R + 

2. 1ieJ'Wl'U!1 llf11'11'W~ 1~v ~( t ) E R1 := R1 
([- 't max,o l R n ) ~ilel~'fl~eJ;jfl'lJ'Wel!lJ~el!tl 
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1 m ~~ 1 vu 1 ~ m'Vl1 vivii~ij i --rn ,J 1 ~~1 vm11 ~oii~o i~ij,r n i ,i mi ii~ ,:i~ ftfl'l:l 1fiumntu 

luif,:i~'U'W [ 18]-[38] lu~1ui ,iv [25] w. Wang 11~~ J. Cao i~flfl'l:ll ! flH~1tJu1 ~m'Vl1vivii~iji1 
. ' ., 

l1lJ 1~~1tlf111 l;Oii~o 1~w i~OTI'UltJ l u 1UlllJUiYiif111 !'U~tl'W'VjtJ ni miuww~ 1~ i~'W ., . 
N 

x ;(t) = - Dx;(t) + Ag(x; (t)) + Bf(x;(t - r(t)) ) + I (t) + 2 :Cijrx;(t) , i = 1, 2 , ... ,N 
J= I 

hw~ X; (t) = [ x i.I (t) , X;,2(t), ... , x ;,Jt)]1' E ]Rn' i = 1,2, ... , N I ~'W irmu ~•,ni~ ICJ/~'1U ) ~ iY l 'Vl 

I vi tJ ii 'lJ tl ~ 1 fl ) ~~ 1 tJ ~ i ' N I~ 'W ~ 1 'W 1 'W 'lJ tl ~ 1 fl ) ~~ 1 tJ iJ ) ~ ir 1 'Vl I vi tJ ii~ l tl 'W fl 1 ) I~ tl iii tl' 

A= {a!i }, B = {b!i} 1ii'V11 n~ci1~J11nfo'U o ~i11:iiouio f(x;(t)), g(x;(t - r(t))) 1tlu 

.~ o' "' 'j) "'tl ?I "' 9 ' 'j) "' • ? I ., 
TI~fl'l5um ::; \9J'W'llo~1CJ1'1~ 1::;m'Vl I ; 1uul>l1 iff'llOl,J'1fft1JqJ 7ru r = dzag {r 1 ,r2 , ... , r,, } 1uul>l1 

~ I I I d QI ~ ' 

l'l50 U\910f17tJl'W1~l111~ !flH'UltJ i II~~ j (j =t. i) , I ~ i.j ~ N, C = ( c ;) NxN !1J'W\9111'150U \91 0 
' ., 

f17tJ'WOf1'J ~l11 7~ !flH~ltJ !fltJl it~O'W !'Ui~'W 

~Om J. Cao [24] 11~~ B. Huang [29] !;fffl'l:Jl !m~~ltJUnm'Vl1°¥itiu~iji--rn,J1~;1tJf111 

1:iioui 011 ~ 1 vi 1 1 fl ti l i'i11:iielui O'Uel~ m1 l'W~'U el~ICJ/~ ti'11 ~ ~ i 11 oilo ui el'U el~ m11u~'U el~ !CJ/~ ti' 

N N 

x ;(t) = - Dx;(t) + Af(x; (t)) + Bf(x ;(t - r)) + l(t) + 2 :Cijr 1x;(t) + L d,
1

f 2x;(t - r) 
J=I J=I 

, i = 1, 2 , ... ,N 

,d T n . d o' 
!fl tJ'Vl x;(t) = [ X;,1 (t), X;.2 (t), ... , x ,.n (t)] E IR , l = I, 2 , . .. , N I ti 'W iYtll'W ~ 'U O~ ICJ/~~tl 1 ~ ffl 'Vl 

I '¥i tJ " 'lJ O ~ 1 fl ) ~ ~ 7 tJ ~ ; ' N I~ 'W ~ 7 'W 1 'W 'lJ el ~ 1 fl ) ~ ~ 7 tJ iJ ) ~ ir 7 'V1 I vi tJ " ~ l tl 'W fl 7 ) I :ii el " ~ el ' 
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A= { aii}, B = { bii} lll'Vl1n9fri1 -n1nn!n,iti.:ii11GJhnJ~tl f (x; (t)) t~'W'W.:ioiumt~'W'\Jtl.:J 

1cirnrl'1htffl'Vl J. 1~'Wi1lri'li'ti1n1'ffruru1w r 1~'Wi111il1.:i~1~'W~HH~, 
' cu u u 

r1 = diag{ri,Y2 , ---,r11 }, r 2 = diag{A,,Ai,·--,A,, }, 1~tJi11tmJ~vmt1l'Wn1111.:i 1r1H~1t1 i 

N 

> O - - - ""' Ci/ _ , I i= j, Cl} - - L., Ci/ 
J=l,J"' 

N 

d i/ ~ 0, i -:t= j, d ij = - L d i/ 
J=l,j# 

. . " 
m1t11ti'Wi'\J'\JO.:J I (x;(t)) ,~nmmu1o'Wii'i.:iu 

fl1J 

& QJ I d. 91\1] I O ~ 'jl QJ d'l.l] 9,1,& 0 GI 'j) Q Q.I "JI I Cl, Q.I ,d d. 

CJf.:J~ltt'Wl.:J'Vlt '.f 7 l<Jf rn,111ll'W ~ ti.:imti'W~'W 'Ii 1~CJf .:J\1t'Vl1 1 tt .:Jl'Wl\1 m '.i 1m1.:im1.:i1'W 1\1t1'VllJ • 
, ii 9 ii., , ii "l.l'l 1 ° "l ii J ' 'l ' 

tl~!!"l!!"tfflmH) !'l5~1'11'W1.:J!'\J l rn !'W flH'\Jltl !~'11"7fl'l1"7tllJlfl'\J'W ~tlm !'Wffl'W'\JO.:J 

" " " 
fll 'J fffl'l:llr11 1m ff~ tl'.Lfl 1~tl''W .:i l'W 1 io t1u i ~ffmnr111urn~ t1'.i m~11 u u rn,i;rhrl'.:i 1 ~ tltl 1rfo 

'11 't1flfll'.i !!"t'Vlt)ll ~1J 'Vl'\J tl.:J, mJ'W til'J 1 ~ fl fl 7'.i ff f H'W .:J f795'W h ~ 'W til'J-m 7 CJf O yj ff nl mJ 1J 'W 

lw,'i l'W!lJ~ 1 n'Yi' n1 rl'.:i fftl.:J 'W 'W nu nu fll'.i tli'utl H!'Vlfl'W r1 ,itirn ,i ~ rirn i'u~ ,iuotJ vi nf" t'lf'W ,II ., • 

tlfflJ fll'.i I ltl'Vl.:J!flO { ~tllJl!'.ilnffflll rnf timf .:im1iti'W i '\J~t'tfo.:J~tl 1 ttJ-Jff7'1111Jfll'.iij!ff~fJ'J m~ 

rimf u fll'.i 'VIN l 'W~f oun'W '\Jtl.:J 1 fl'.i .:i~wtl'.i t ffl'Vl1'i1au~iu~ti'W ~iji 1ttil1.:i11 U'.i ~'W~ 1m 1m 

" . 
II 1J1J'lf1.:J~f timf ,:iijfll'.i !'lftllJ~tl!! 1J1J f!-lfflJ ff~i 7 ti i ~fof 7-:J II 1J 1J \ll" tl .:JI; .:Ji 1rn '\J '\J 0-:J fl7 '.i fl 11Jfl lJ . . 

9) Q,I I QQ,I d..a Q,I QQ O QJ d9,1J 
l>lfflJ 1m t ff 'j 7-:J~ ltl fll.:J 19$ .:J~ 1m '\JI~ OfJ'WfJ'W U '.it ff'Vl 'Ii fl 7~ '\JV.:J fll'.i 'Vll.:J l'W ~ 1fl 11Ji;)lJ'Vl ff '.i 7-:J'\J'W 
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_ I d .q.c:t, ct. v 
el1Jfl'HUA&t'l::::1fifll'I 'Hl l'.I • 

' " 
~eNm1v\'11,fo ~-:i l\Pll'Vlfl'WrHYTni' unnv\'11il'li-:iij 

" ' ' .d, ~ .::1 ,d, .::-2 ll)j/ 0 3/ Q, ,d.d, jl 

'Vl()'l:lt)U'Yl'l''fWJ l'U '\JeNf11'JlJm'fll'J'j fll~fl'f)'l:11 !~ 'illf1\91 l'Jl m1::::'illf)leJf)'1'7'j ell-:J el -:J'Yllf11'J1 '\Jel-:J 

1~1'Jl'Uillitl!l'Jf) 'il ::::nci11~-:Jfl17ll j'd]el-:J~'U 'Wl'JllJ fl1llJ'l1lJl l'J m 1::::ir'tyrl'm:1w~N"7 mi::::v\'rnn 

'Yltl'Y11'Ulelf)'1'1Hl'U1\11'J~~vim{lra1elv1-:imut1umelumrnm11 rl1iu i-:i~elhltl 
• 

" R l!'Yl'U l9f\91'\Jel-:J'ill'U1'W'il1-:il'i-:ittlJ~ 

" R+ U'Yl'W l9f\91'\Jel-:J'ill'W1'W'il1-:iu1nl'i-:i1111~ 

R" l!'Yl'W l9f\91'\Jel-:Jt1rn\?lelfri1'il1-:iJ-:i1111~ ~iiii~ (n x I ) 

ct. o', Q t dct.oQi-C\ 

R''x" l!'Vl'W l9f\91'\JeMllJ'Yl'Jf19ffll'ilH'Yl-:J'l1lJ~ 'YllJlJ\91 (n x n) 

C11,r '111 el C([- r , OJ, R11
) u 'Y1 'W tJ1 lJ ii u l'W rn '\J el-:J'W-:J niu ri 1 n m1,1 elf~ ri-:i 'il 1 ni1-:i iJ ~ 

[- r,O] 1115-:i R" 

c,;,, ={¢EC,,,, : 11¢11,. <v} lrlel V l~'U'ill 'U1'W'il1-:iu1n 

11¢1ic = Sup 11¢(t)II 1rlel ¢EC,,,, 
- r :si :sO 

x(t) = dx(t) 
dt 

0 9jl ,,::::t, ti 

fn'l1'U~ ! '11llJ'YJ'jf)9f A E R II X /1 

I t ,,::::t, fl 

,1,(A) l!'Yl'U lCJf\91'\J el -:J flll'il l ~ 'il-:J (eigenvalue) 'Yl-:J'l1lJ~'\Jel-:JllJ'Ylrn9f A 

Amin (A) = min {Re,-1, : A E A(A)} 

~nax ( A) = max { Re A : A E A( A)} 
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Vi 'il THU 1 i;,'1J fll ':i 

x (t) = f (t , x ) (1) 

!~W~ X = (x1, x2, ... ,x,,) E R", X; = x, (t) , f = u ;,J;, ... ,f,, ) II '1 t J; = J; (t,XpX2, ... ,xJ 

rimf u i = I, 2, . . . , n 

(1 ) rnu fj';j (stable) t11 fl 11d' 'lJ ~ n & > 0 iL:5 = 5 (&, lo) > 0~~t11 llx(to)II < 6 U ~ 1 

llx(t)II < & ri1tt f u~n t ~ 10 ~ 0 

(2) ! tJ UU'H;.:i!tTUfl lfl'U ( asymptotically stable) Gl O !~'t-J~f!i;i'1J<pJ '1 ! i;i'~ f.l':i !!'1t 

llxCt)II ➔ o 1rl0 1 ➔ oo 

(3) 1ihtrua-a (unstable) t11hit~ui1l~11J1i0u1'\J (1 ) Jufi0 ii & > O~n () > 0 ii x(to) 

~~ llxCto)II < 6 !!'1t llxCt)II < 5 ri7tt f urn~~7 t ~ lo 

'Ufl'UUU J 3 vf~ni'tJ1'1~'t-Jtll-J (Lyapunov function) 

• 1 'J/ ~I .~ o'"' ' ' ~I .~ o' "' "I • I . . I flll'!tJfl l1 V (x) : R" ➔ R !u't-J-n~fi'lftJ !':i l nm111 V (x ) tu 't-J-n ~fi'lf't-J tt'l \l't-J t1-n'\J t1~n uui;r1Jfll ':i 
' ,, 

(1 ) t1l!~tJ't-Jl'\Jl>l tJ11.lil'il1 ~ 

"' ., , av , .. , .,; 
1. V(x ) !Wt 'Vlfi tJ 't-J 'VfU1H.ltltl - tfltl'Vl i = I, 2, 3, ... , n ~tJ!tJtM • • .'.'l 

UX; 

2. V(x) !~'t-J 'U1 fU!'UU0U (posi tive definite) Jufitl V (O) = 0 trnt V(x ) > O rim f u 

(V o' ~ (V 4!i 

3. tllf Y'ltJ1i'\Jtl~ V (x ) !'Vltl'Ufi'U t fltl 

V
. av . av . av . 

= - x , +-x 2 +· · ·+-x,, 
ox, OX2 ox,, 

av av av 
= -a Ii +-a f2 +· · ·+-a J,, 

X 1 X2 X
11 

!~'t-J ~~t'l'UU'UUelU (negative semidefinite) Jufitl V(O) = 0 !!t'lt V(x) ~ 0 rimf 1J x :t= 0 
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Cl a 

'YI q'll ,t) 1J 'YI 1 'Vi 'ii l'HI! 7'J :t 'IJ 'l.HY'lJ f11 'J 

x = f(t , x) (2) 

'Uf.Jl'lJ 3 

mrnftio,:it1'1J'IJ'Vl'We.J7'lJ 3 Ui:1:tO'l.fl'ftJ'll'UO-:J V(x) !~m'l'UmJtJotJ (negative definite) tl'tJ~O 0 7 

V(O) = 0 u1:1::: V(x) < 0 ,hnf'IJ x -:t 0 

x(t) = f(t,x,), t ?. to , 

x, (0) = ¢(0), V 0 E [-r, O], 
0 

(3) 

irlo x(t)ER11 , T E R+, x,(0)=x(t+0), V0E[-r,O], ¢(t)Ec:,r !~tJvl-:in<JitJ 

iiotJ l'U~ltimi'tJ m'l :t I (t, ¢): R+ X c : ,r ➔ R" !~tJvl-:in<JitJ~O!~O-:J!rn:t,rn~rlio-:inrniotJ l'U 

~ ~ d & 
'1'Vi'lf'Vl91 91-:J f (t, 0) = 0 

Cl Ill . I "'"' 
riq'll,t)'U'YI &'i:l \!'Uel'W-11°.lfllrl'U (Lyapunov-Razumikhin T heorem) 

'hf f(t,¢): R X c n,r ➔ R" !~tJvl-:in<JilJ~'ft-H l1tll91\,l~ii'UO'IJ!'\J\,J'U eM cn,r l'UV-:J!91\9l~ii 

'l jl ?I .~ ,,. ., ' "' ?I .~ ,,. ., Ii] ' & 
'UO'IJ!'\J\,l'UeJ-:J R" U'1:t 1'Vi u, v, w,p : R+ ➔ R+ !ulJTI-:Jf1'lftJ\9lO!lJO-:JU"1:t!ulJTI-:Jf1'lflJ t'lJ'1~ 91-:J 

u(s), v(s), w(s), p(s) ii~1!~tJ~7lJ1tJ'il1-:J'IJ1f1 ffl'Vi1'1J s > 0, u(O) = v(O) = 0 

9/ d ,.~ ef0.1 t .dt . .::9 'j} a., 

tll'lJTI-:Jf)'lflJ\910!1-JO-:J V : R x R" ➔ R 91-:J'ffO~fl(le),:jf)'IJe)'ff'lJf11'j 

jl ... 

irn::: iro~ft" o-:i f1'1J o iY'lJ m'J 

V(t, x(t)) ;S; - w(jjx(t)jj), 07 V (t + 0 , x(t + 0)) < p(V (t, x(t))), \i 0 E [- r , OJ 

Y \ti 91 ' ..:::::1 -=s ~ 'j/ 0 0.1 ,. I 
U"11'il:t !~11 'J :t 'IJ'IJ'ff'lJf11'J (3) 'lJ ! 'fftW'Jfl1'V'l!'lf-:J!'fflJf11f1'1J!Of1Ju (uniformly asymptotically stable) 
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Tiq~a'l.J't1lt1'\Jue>'t'Hl1lCUel'Wi:ffl (Lyapunov-Krasovskii Theorem) 

hr f(t,r/J): R xcn,T ➔ R n 1llu~.:Jf1'lf'W~fl.:J,JlfWlf\Pl~lhrnrn'IJ\Pl'lHJ.:J c n,T lUtJWlf\Pl~n 

l 9' ~I . '.'I' _. "' ' .di ~I . '.'I' _. "' IIJ ' & 'IJ 0 '1.H'IJ\9l'IJ0.:J R" lnl t '11 u, v, w: R+ ➔ R+ !u'WTI.:Jfl'lf'W\910l'W0-:llll;ltlu'WTI.:Jfl'lf'W i:irn~ 91.:i 

u(s), v(s), w(s) nri11llu i 1wm111-:iu1n rl7'1111J s > 0, u(O) = v(O) = 0 

9/ d n~ r/ Q./ I ~ & i} Q.I 

t:11llTI-:Jfl'lf'\.J\Plt11'W0-:i v : R x c ➔ R cimrn~'fll;lt1-:inu0irllm'.i 
n, r 

(1). u(llr/J(O)II) :s; V(t,r/J) :s; v(ll¢11) 

(2). V(t,r/J) :s;-w(llr/J(O)II) 

9' 11] 9' • "' "' .I 9' 
lli;l11lt tWll '.i t UUiYllfll'.i (3) lllfttHJ'.ifil'l1'HOflJu (uniformly stable) lli;ltt:17 w(O) = 0 

' ,, 
'ilti~11 11a1'ilti~11 '.itUUiYllfll'.i (3) iim~vrn1V11;-:irff'Wtlltl1J v.:ihJn11tl'u tf1 w(s) > 0, s > 0 

11a1 'il t i~17 '.itUUiYllfll'.i (3) ii1iY~V'.i fll'Y'll;-:ll;'Wf17tl1J!0flJ 'U (unifonnly asymptotically stable) 

'11U1/'Jt'/1f,1 ~.:Jf1'lf'W V ~iYO~'flat1-:it1U'Ylf;J1JQU'Yl'lJl-:J\>1'W ~fl~Vfl17 'Yf.:incuu1il'\JUerJ 

Tiq~~'IJ't'l 2 tl7'11'W~ 1,,r K 1ll'W1ll'Yl1nci1ir1.1m\Pl '.i'ilt fl~111, K 1ll'W1lJ'Yl1nci1l;l1J!l'W'W0 'Wn1>101rl0'1'.]flfll 

'1fl1JWtlQ'Y'l l t (eigenvalue) 1iJ'W1ll'W1'W'il1.:JJ;l1J tll'l1'W~l1-1 K 1iJ'W!ll'Yl1fl9fiYlllll\91'.i'ilt fl~7117 K 

;'1 Q ,I ' d ' ~ ' ~I o .ci 

lu'Wlll'Yl'.iflClfU1fl!l'W'W tl'W fl\Plellllel'l'.Jflfll l'illt'il-:1 (eigenvalue) !u'W 'ill'W1'U 'il '.i .:JU 1fl 

:, o l 91 nxn ~I .ci rl -=9 
1.J't'l~.:J 1 (Schur complement) fl7'11'W~ '11 Q, S, R E R lu'WllJ'Yl'.iflClfClf.:J 

R(x) > 0, Q(x) = QT (x) lll;lt R(x) = RT (x) 11ti~11 

[ 
Q(x) S(x) ] Q , ..; 1 T 
T < 0 fl\91011.10 Q(x) + S(x)R- (x)S (x) < 0 

S (x) - R(x) 

'l'.Jfl XE R" 

'l.l't'l~.:.t 3 rlrnfmll'Yl1fl9fiYlllll\91'.iU1flll'W'W0'W M(> 0), r 1ll'Wil'W1'\.J'il1.:iu1mrnt~.:.iniu 

rl I ,% d Q 

llfl!\910'.i W: [0, r] ➔ R" eJiYllfll'.i\910 itJwu'\.J'il'.i-:J 
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!1 l iJtJ7llfft1J~ f1lH\! ~'l i"! 'W <l l 'W 1itifl-:J~ 

- x1 = {x( t +s):sE [- h,O]} , 

- llx1 II= sup se [-h,O Jllx( t + s JI!; 
- C~O, t 1 Rn) ;{0 !CJH•l'\J0-:J'Vl-:ini'W~l111-:J~OllJtl-:J1J'W'lf1-:J [0,1] rllw( t )112 

- L 2 ~O, t ], Rm) 11mv~-:i t9f1>1'\J0-:i~n~1 R m ~t~u'Vl-:ini'W~~'WV1tm1>1 i~uui1-:i [O,t] 
Q cl .::s ' 91 T ' n 

- tll\911f19f A 11Vf117 semi-positive definite A~ 0 m x Ax ~ 0, ~f1'1fll x E R 

Q cl d I 3' T ' 
- Atlll>l1f19f A t1Vf117 positive definite A > 0 m x Ax > 0 ~f1'1fll x f:. x -:t:- 0; 

- A > B 11mv~-:i A - B > 0 

- l'Vlelllf171i1'lllll\911'\J0-:Jtlll>l1f19f i!ml! i~w * 

x(t) = Ax( t) + Dx(t - h(t )) + Bu(t) + W2w(t) ( I) 

d n ~ c1 
t:l.J el x(t) ER flel nrn1>101irm'W~ 

lE [O,T] (2) 

T 

3d > 0: J wr (t)w(t)dt ~ d. (3) 
0 

tJ I I i/ 

fl1;1flf117llfl-:J'Vl'W Yi1nv1-u' 0-:Jf11J1~1J1J ( I) Uftfl-:Jfl-:J'Vlni'U~el i 'UU 
T 

J = f f 0
(t,x(t),x(t-h(t)) ,u(t))dt, (4) 

0 
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Q 9,/ 'JJ Q.I 

t'lf-mY'W m1:::m:J(pjfli'\O-rnu 

(5) 

ill'tt'.iU (t , x , y,u)E R + x R " x R"x R
111 

Ui'I ::: Q1 , Q2 E R "'"' , H E R mxn llJ~1ncif 

fflJlJl~';i1J1f1,Jl f1(p}~fll'U 1tl! !~ 
0 QI Q I rl Q I Q.I d d d 91 Q.I Q,I 

ill'tt';i'Uf1We:J1i1Jll'Jfllmf1"7';i y l ';il'Utl l lJfll(p}'J5'Uf11llJ'Vl'U'Yll'U'Vllf1tl1'\JO-!lf1'1JfflJf11';j ( I ) (p},!j 

fl-:it1'Jf'U ~llJ mtl 

J(t) = J [z T (s)z(s) - y2w T (s)w(s)ps, 

0 

fl1UfJlJ u( t) = Kx( t) 

(6) 

'UtlUJ 2.1 fll'tt'U(p}1l1 a> 0 'fll~OUff'UV'\JO-!l';i:::Uu (1) 'il:::t~'U f11';jiilff~l'Jrnl'Vmurni'l'\J91n1rl'-:i ., 

!l/do ,9 o ( ) !l) a, <!I ltJ 
(exponentially stabilizable) tlllJ'ill'U1'UU1f1 N > 0 CJff¥Jf1fl l ~OU Xx t, $ mrnfli'IO-!lf1Umm t'\J 

ilani 2.2 ';i :;: 'IJ1J~ttl'U hJ~rn'Wl'Jl lJ 2. 1 ';i:;:uu ( 1) 'il~n~1111 iim~l'Jrnnrnurni'l'\J;fl1rl'-:iu1Ju 

' . " 
'Vl'U'Vll'U f)'IJ Hoo c\'l-:iii'UOUl'\J~ y ~lffe)(p}fl~e),!jf)1Jlle:i'U t'Ui-:i~o hJ-w 

., 

" I. il1l1'.iU';i:;:Uu ( 1) rlmi'u w(t) = 0 fll~OU'tt~e)~(pjfflJ~i'l'W'U'il:::iitff~tl';ifll'W 

2. ml'lhi'iYlJlJ~!7'Wtio'Ut'\Jt1 lJ~'Ui!J''WV ~-mrl'-wni1mUfJlJ z(t) ff0 (p}fl~o-:it1o'Ut'\J 

llz(t)l/2 s; rllw(t)ll2 iYTtt'.iU w(t) -:t; 0, w(t) E Li[O, oo] 

v O Q.I Q cl q nx n n 
'U'fllil.:J 2.3 (Cauchy inequality) m11rnmmf19ffflJlJl~';i 'IJ1f1 t(p}"l N E M Ui'\~ x , y ER 'ii ::: 
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" l'.i l Ul m''I-H.l'.i:t 'lJ 'lJ nominal i ,nl:1Jf11'.i~tl!'l.Jw 

x(t) = Ax(t) + Dx(t - h(t )) + Bu(t) + W2w(t ) 

z(t) = Cx(t ) + Cdx(t - h ( t )) + D 11 u ( t ) + Dww( t ) (7) 

x(t)=~(t ), tE [- h2,0] 

. . " 
f1tl'Ul11'.i 1'0:tl'lll1m.J ! 'IJ 'U tl-:Jf11'.iiJ!1:Y~V'.i fll'YH!i'H'llfl 'U;fll i -:J 'O:tfll'l1'U ~ 1 ir 

A l = ./\.min(P-I) 

,~ = A max(P-1 )+ 2 r 2A,,,.JP-1(Q P-1
] 

+ 2 r 2 
2A,,,.,W1 

(R) P-
1
] + ( r 2 - r / A,,,.,W1 (U) P·1

] . (8) 

'fl~lja'l.J'fl~ l rlmf m i1vi1ir K,y > 0 '.i:t 'IJ'IJ (8) 'O:t!U'U'.i:t'lJ'lJ~l1:l~t1rnl'Ylll'lJ'lJl'1'1J;flli-:J K 11'1:t 

1:ltJ~f)trti-:ictti'U!'IJ llz(t)ll2 ~ rllw(t)ll2 ~ i ii P,Q,R, U (positive definite matrices) 11'1:tJ:ltJ~f)crt]-:Jfl'lJ 

" LM Ji-:i~ti!UU 

* * 
-[0 0 0 -1 1 0 0 0 / xe-

2a\uro O O -11 0 0 OJ < 0, 2 1 =~ (9) 

* * 
-[ 0 0 IO -I O O O / xe·

2a"2
[001 0 -IO O OJ < 0, 8 2= 3 (1 0) 

* 
3 11 3 12 3 13 3 14 3 15 

* 
3 16 pTcT 0 

* 322 0 0 325 326 0 0 
* * 3 33 0 335 0 0 0 

* * * * 344 345 0 0 0 (11) 
~ = 

T T * * * * 3 55 356 0 p Cd 
* * * * * 3 66 0 0 
* * * * * * - I 0 
* * * * * * 0 - / 



.d 
llHJ 

2; I = [A+a IJP+P[A+a 1f -BBT -(e·2a r / +e -]a r 2)R+2Q-0.5PT CT D,,BT -0.5BDIICP 

- 0.25BBTD,J)
11 

+aP 2+cYY, 

2 , 2 = PAT-0.5BTB+2AP, 

S 15 = DP+CT C,r 0.5BD
11
C,iP, 

s · , 6 = B.., + PT CT D..,-0.5BD,JJ ... , 

2 22 = (r /+ r / JR+( r 2- r /U-4P+y 4CCT+J, 

3 25 = DP+ 2DP, 

.:::. 16 = Bw, 

-= = -2 -JaT 
2U +bP ...... 55 e 2, 

., 
'1-Hlfi'illfi'U, 

~ QI gJ Q,f 

flt! \911f111Jf,)llt.ltl'Wfi'11J 

U'1~ x(t, ¢) ~tlf11\9ltl1J'Utl.:J 'j~1J1Jfll'tt'W~ t~t.J 

25 

(12) 
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"' d 't'Hfil'U 
"' 

y(t) = Yx(t) 

., 
1~eJfl1'.ii'Jf\,i1fl1rn_pJeJel'WfHllJ (10) l'.il'il~~'ill'.it\!1 Lyapunov-Krasovskii functional i-:i~eJl'UU 

... 
UJel 

6 

v(,,x,)= Iv;, 

v; = XT (t)Yx(t), 
I 

v 2 = J e2a(1-1)yxT(s)QYx(s)ds, 
1-h, 

I 

V:i = J e2a(,-l)Yxr (s)QYx(s)ds, 
t-h2 

0 I 

i =I 

V4 = hi f f e2a(r-1)yxT(r)RYx(r )drds, 

0 I 

~ = h2 J J e2a(r-l)yxT (r)RYx(r)drds, 

t-h1 I 

V6 = hA f f e2a<r-1Jyx' (r)UYx(r)drds , 
1- h, l+s 

(13) 



'111el'lfW'WU'U tM V(x,) 'IJO-:Jf17\9l O'l.J\9ll lHYlJf171 (1) 1nu~il'i' 

~ = YT (t)lPAT + AP p;(t) - YT (t)BBTy(t) + 2yT (t)DPy(t - h(t )), 

v2 = YT (t)Qy(t) - e-2ah, YT (t - hi )Qy(t - hi) - 2aV2' 

V3 = y T (t)Qy(t ) - e-2a
112 YT (t - hi)Qy(t - hi) - 2aV

3
, 

I 

V4 = '1i2jl (t)Rj;(t) - h1e-2a", f j;T (s)Rj;(s)ds- 2aV
4

, 

I 

V5 = h; j l (t )Ry(t) - hie-2
a

112 f YT (s)Ry(s)ds- 2aV
5

, 

1-l,2 

v6 = (hi - hi )2 YT (t)Uy (t) - (hi - hi )e-2
a"2 I YT (s)Uj;(s)ds - 2aV6, 

1 . I d'9 !ll 0 9 !ll llJ !ll • 
~tlf1711JJ~ tlf1\9l !'b''U'Vl ll'VlJ fi 2 IIJ;l ~ il\917'\JO-:J Le ibniz-N ewton l 'Vil 111111 !~1 1 . ~ 

I 

- h1 f f ' (s)Rj;(s)ds :S - / · (t)Ry (t) + 2y' (t )Ry(t - ~) - y r (t - ~ )Ry (t - h1) 
t- h1 

I 

- h2 f / '(s)Rj;(s)ds :S - / .(t)Ry(t) + 2y .,. (t)Ry (t - ½ ) - y .,. (t -h
2
)Ry(t - h2

1
) 

/ - /,2 

27 

o 9 !ll ½ - h(t ) 09 !ll 1JJ!ll • ~ , 11J. 1.J~1 "' 11J !ll~ .J 
UJ;l ~flllf'W~ !lf /J = --=----_.:....:_ :S 1. 'Vil !l1111'1'llJ1H I '111 !~ 1 1 OillJfllJ ~-:J\910 !lJ'WllJ'W~J -:J !~~-:J'W 

½ - h1 

I- h i 

- (½ - h1) f j;T (s)Uj;(s)ds :s;-fy(t - h(t )) - y(t - hi}Y u fy(t - h(t )) - y (t - hi )] 
t - h2 

- fy(t - h1 ) - y(t - h(t ))Y U fy(t - h1 ) - y (t - h(t ))] 

- f3 fy(t - h1 ) - y(t - h(t ))Y u [y(r - h1 ) - y(t - h(t ))] 

- (1 - p ){y(t - h(t )) - y(t - h2)Y u fy(t - h(t )) - y (t - ½ )] 

Py(t)-APJ,{t) - DPJ,{t - h(t) + O.SBBT y(t) - Wi w(t) = 0, 
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a., t t ~ ~ ll)~ 
'11M'illf1'W'W~W'l'l.:iirti.:i'IJ7.:i'\JeJ,H1'llfnH11eJ - 2y(t) 11'/:l~ - 2j;(t) \91lllrlli1J 'il~ !fl 

- 2yr (t)Pj;(t) - 2yr (t)AP;,(t) - 2yr (t)DP;,(t - h(t) - yr (t)BBr y(t) - 2yr (t)~ w(t) = 0, 

- 2jl (t)Py(t) - 2j;T (t)AP;,(t) - 2j;T (t)DP;,(t - h(t) - j;T (t)BBT y(t) - 2j;T (t)Wi w(t) = 0, 

1fleinl'H~m1wirm1~'1Jt1.:inn1tl'Wft''WV'Ut1.:iirllm':i ( 1 o) ur:i~mlllffll'W'W'fi 
q ~ 

eat J 0 (t, x(t), x(t - h(t)), u(t)) - ea
1 J 0 (t, x(t), x(t - h(t)), u(t)) = 0 

I I I ,, 

Hr:!~ 1fleJf)l'j 1it~el'W l'U'\JtM'i;YlJf)l'j ( 4) '1'111ttt':il'i;Yllllnl1h~mw~l ~.:i'Yi1,11iJm 1~i.:i~ti 11.m 

2j/' (t)W2 w(t) ~ w1 (t)w(t) + j / (t)W2y (t) 

J
0 
(t , x(t), x(t - h(t)), u(t)) ::; (Q1x(t), x(t)) + (Q2x(t - h(t)), x(t - h(t))) + (Hu(t), u(t)) 

::; (PQ1Py(t),y(t)) + (PQ2Py(t - h(t)),y(t - h(t))) + 02s(BHBry(t ),y(t)) 

2 (W o J (,), )' > ::; (Q I X ( f ), X ( f) > 

hwm':i1t1J'l'lH'l'lrn (2) eym'Uti.:i Leibniz-Newton m t~'il lf)'/;YlJnl ':i~ ( 12)-(13) 

., 
•1'J/ . I • IIJ'JI "'"' m m ':i 1 mm H I u ':i ~ m w m i fl fl .:i 'W 

V(t, x1 ) + 2aV(t, x1 ) ::; 1/ (t)W77(t ) - /J [y(t - h1 ) - y(t - h(t))f e-2a"2U [y(t - hi)- y(t - h(t))] 

- (1 - (J)[y(t - h(t) ) - y(t - hi )f e-2
ah2U[y(t - h(t) ) - y(t - hi)] , (14) 

dt 
lllel 

WII W12 Wu Wl4 ~ 5 

* W22 0 0 w2s 

W = * * W 33 0 W 3s , 

* * * w44 W4s 
* * * * Wss 

Ui;l~ 77(t) = [y(t),y(t), y(t - h1 ),y(t - h2), y(t - h(t))]. 



l~ 'e:M'illf) 0 ~ 13 ~ I 1rn::; (I - 13)M1 + 13M2 l~'I-Jf11'.iconvex combination '.i::;'1117-!I M 1 

1rn::; M 2 

., 

i-:nfo (l - !3)M1 + 13M2 < OtnllJ\j ,Hi\Ju«M, < 011t'l ::; M 2 < 0 

-=.- .ct Id Q.I 

t\Pltl'Yl(]'lJ~'UB~ Schur complement mrnm'.i M 3 < 01rn::; M 4 < 0 'il -HllJ\jt'lf1'l.J M 3 < 0 1rn::; 

M4 < 0 \911lJrl7i'l.J 

Q.I t II] 9/ 
\Pl-:J'I-J'I-J'illfl fllJf11'.i (8)-(9) 1rn::; (14) l'.il'il::; t\Pl 

., ' ' 
d 9 V.ot lit d lit V 

'WOf1'illf)'I-J t'IH-!10'1-J t'U'Yl ( 12) l'.il'il::; t\Pl 

., ., 
inTu '.i::;'l.J'l.J ( 1) ihfl~t1rn1m1'l.J'l.Jlt'l'U9/fl7J-:i a 

29 

1vtti I irm'.i'Vi~'illJ'Vlt]'lJ~'l.J'YlfllJ\j'.iW 1 '.i 1udJmnn'llO'l.Jl'U\91'Uti-:i rllw( t )11
2 

ff7'11~\J w(t) -:1:- 0, w(t) E L 2 [ 0, oo] 

l'.ilfllJlJ~l,r 

~ o 9 V 
'i)-:Jf)1'11'1-J\Pl !'11 

x(t) = 0, t E [- h(t),0] 

J = J [z T (t)z(t) - y2w T (t)w(t)p(t) 
0 

'\' "' Cl ' V( JI 'l V ,,; lit ., d V !\Pltlfl11lJ'il '.i-:J 'V111 t,X1 t=O flltl !'111-:Jtl'I-J t'Ui;J''I-Jtll'.ilJ\91'1-J 

V ( t, Xi Jl/=<X> ~ 0 



00 

u~~ f 2aV(t )dtl ~ 0 
0 

J 1 = J[zr ( t)z(t) -y2wr (t)w(t)+V(t,x)+2aV(t)¥ (t) 
0 

1 

= f '4JT(t )0 '4}(t)dt 
0 

'41 = [y(t ),y(t ),y(t - h1 ),y(t -~ ),y(t - h(t )), w(t ) ] 

0 = [(1 - ~ )wt + ~ w2*] 

" i~'UU t'J l ;~,~17 

., "' umre:i 

J 1 = J[zr (t )z(t J-y2wT (t)w(tJY (t) ~ 0 
0 

1 1 

f zT (t)z(t )d(t) ~ f y2wT (t)w(t)dt 
0 0 

<Xl 

~ f y2wr (t )w(t)dt 
0 

•191 Q d' d' 
'V1 7 11 fll 'J 'Yi \J' 111-J ill!\! HI! 

30 
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i m-:i~1rr1.h t ffl'VU 'YivlJ ~iuiou ~n \91 Ttt 'W 1-:J ;1Vfll'J !~OlJ~ OU uu f-.lfflJ!~ 0 i infl 11lJ! ff~V'J f1 l'W 

i~v~iT11il 1-:it '.i 1ftm11 ~o i1'11tl 1-:i~mh ~w,111J11muuu911-:i~/lii,i'11~u; o-:i'l1101-r•Zmfi; 

.,i , 'l 31 ~ 1 1 ti,. I .c:1 a., rl,,. I d. 

U'1tfll'.i t 'lfOlJ\91ouuu mm t '.i 7'1 t 'lffll'.i t'lfOlJ\91 O'.it'l117Wli'1'1u'.it mvu 'l'1 VlJf1UtCJi" '1u'.i tffl'l'l!'l'lVlJ 

~ni1'11il 1-:iu 1h ~u \9111Jnm i~vo1iv'l1 "nnn U'1t'l'l ,p,1 QU'l'l'IJ o-:i htju o'W i ~ vm '.i ff1H 

" 
'W-:J f)'lflJ i" tj lJ o 'W -fl 'j 19/0'Vfon'l m.i u u 'Yiu 211 lHlJ \911 f) l'1 fil rl'-:i ff 'el-:J 'I;! 'U 'j'JlJ nu f)l 'j 'I.Jr rnh-:i 

l'l'1 fl 'U fl 'IJ om 'IJ \91 ril '11 f U 'W '1 tJV'U 'V1 f1 f '1 ! 'lf'U Off l.J f)l 'j no vi-:i tn O { ~ Ol.Jl! 'J lfi '1t i;ti 'el'U i 'IJ~ 

!'WV-:J'W O i '11ilri1'11 f U fll'J ntff~ V'J fil'W ft1'11 f Uf11'.i 'Vll-:Jl'U'Wf Ol.Jfl'U 'IJO-:J i fl 'J-:J~lV'I.J 'J t ffl'l'ltv\v:u~ 

' " ' 
iuiouv\n \911'1-t'W 1-:J U 'I.J 'J ~'U \91 llJ ! 1" lU UU9f1-:J'W f 'ell.Jl1-:J" fll'J ! ;OlJ ~ OU UU f-.lffl.J 

'l 'U f)l'J 1'1Vfl f -:id mivn~~l'l'UU'1t00f1UUU\911fl1UfllJ~!'l1l.Jlt ~o \911fl1Ufll.JU uu Hoo " . . 
(Hoo control) ~-:J\911fl1Ufl:U~'l ritil i 'I.Ji 'U i m-:J~W'I.J'Jtffl'l'ltv\v:u~cifuiou ~ni 1'11'W1-:J~1Vfll'J . 
t;o:u~ou uu f-.lff:Ut~urn-:i911-:i t 1mu'1trn-:i~~'IJO-:Jf11'.i t;o:u~orvhtl'u t-:i\Jti'j'I.J'.it iv'lfif mn 'l u~1u 

'I.J'J t'l1 el~~ 1 i ;~ 1 Vi u f11'.i fl 1UfllJU'1t '1~ ! 1'11 i 'U f1 l'J 'I.J ':it lJ 1" f-.1" 'IJ O-:Jf11 'J 'Vll-:Jl'U 'IJO-:J i fl 'J-:J~ 1 V . 
'I.J'Jt ff1'1'1tv\V:U~9fUiou~n\911'11'W1-:J~1Vf11'.i !;OlJ~OUUU f-.lfflJ eymf lV i~ ff11-:JU UU ,11'10-:J ! ;,:i 

\9111'1 'IJ'IJ 0-:J f11 'J fl 1Ufl lJ ii nu fll'J'VlNl't-l'Wf Ol.J fl'U 'IJ 'el-:J i fl 'J-:J~lV'I.J'J t ffl'l'ltv\ VlJ~CJfUiO'U ~n\911 . 
o, .d 'J} ~ II) 'J} 'J} "' ~ 'l I 'J} t 1/) 'J}-=, ef "' .d 'J} ~ .,i 
\911fl1U'f,)lJ'l'lff'JN'IJ'UU'1t t~ff'.il-:J'l'lt]'J;Jt:]U'l'l'IJ'Ul.Jl '11lJ 'W'J'ell.J'l'l-:J t~'W\1''1'U'l'lt]'l;Jt:]U'1'1'1'1ff'Jl-:J'IJ'U !'WO 

?I "" "' "' 0 11] _ 1- I "''l II] 'JJ -=-!UlJ fll 'j V'UV'U'l'lt]'l;lt:JU'l'1U'1tmmrnm rnu'.it~n\91 'U'l'll-:Jf.J\91ff1'11m rn t~ '1 ':i-:J 

" 
'l'Ufll'J1'1V'W t'Jl !~'1'!1-:iff! l-:J\911fl1Ufll.J Hoo 'l '111-J'l i flUfll'J'Vll-:Jl'U-W!olJfl'U'IJO-:J iflH~W . 

'I.J 'Jt ffl'l'lt'ViVlJ~cifuiou ~"\911'1-t'W 1-:J~ 1Vfll'J !;Ol.J~ OU UUf-.lfflJ! ~O 'l inmuJ !ff~ V'J fl l'W 1~ V~\911 

' & ~ Q.I I d ,. I Q.I I ~ IJ) I O ?1 91 QI d'IJ) 'j) 

'11'U1-:J!'Jlfl'f)'l;Jl flO \911'11lJ1-:J'l'1Uu'Jf-.l'U\911l.Jl1'11UUU'lf1-:J9/-:J tl.J'1l!u'U\910-:J'l110'1.i'W'U1i !~ !Wtfll'J 

!;Ol.J~ OU UU f-.lfflJ ! 'J 1 '1t i ;f)l'J !~OlJ ~ 'el 'J t'tt 11-:J !CJ/'1 ~ 'I.J 'J t ffl'l'l! y\ Vl.J flU !91'1 ~'I.J '.it ffl'l'ltv\ Vl.J ~ ni 1 

'11'W1-:JU'I.J'J~lJ\9lllJl1'11 1~vmf1V'11"f)fll'j trn~'l'lt]'J;JQU'l'l'IJO-:J i'1tj'U o 'W 1~ Vf11'.i fff N'W-:J f1'lf'U ii'ltj 

u o 'W-fl '.i 1910-W ff n 'l '11 ii u u iu l 1 urn \911 n l'1 n 1 rl'-:i ffo-:i 'I;! u '.i 1:u nu f11 '.i 1.H' u 'I.J 1-:i l'l'1 flu fl'IJ o rn 'IJ\91 

rirn r U'W '1'WO'U 'Yi nf" !<Jf'U O ffl.Jf)l';j no'Yi-:imo{ ~OlJl!'Jlfi'1t i~tiou i 'IJ~!'WV-:J'WO 'l '11iiril'l11Ufll'J 
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,, ' ,, ,, 
~llH 1'11U 'lJ'lJ'lf1-n'lf oJ.Jl'i-:iiJm'.i 1;0J.J~ mm'lJ rHrn '1 'W f11'.i ~hfofl f-:iil m,1vn~1o1~'W1rntoorn11J'1Ji1 

" 
d <!I ., di ., d 'l I V 111. l'l 1 I 
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