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ABSTRACT 

The Poisson distribution plays a central role in count data analysis. The most important 

characteristic of the Poisson distribution is its mean and variance must be equal. In practice, the 

count data often exhibit the overdispersion, which is the variance is greater than the mean. The 

negative binomial distribution offers a remedy to this problem. Moreover, the mixed negative 

binomial distribution is an alternative to count data with overdispersion. The objectives of research 

are to proposed new distributions for count data, namely, the negative binomial-new weighted 

Lindley distribution, to derive parameter estimation of the proposed distribution by using the 

maximum likelihood estimation and to compare efficiencies of the proposed distribution with other 

distributions. This research found that the negative binomial-new weighted Lindley distribution, 

obtained by mixing the negative binomial distribution with the new weighted Lindley distribution 

is another mixed negative binomial distribution that provided an appropriate fit for count data with 



2 

overdispersion. Some characteristics of the proposed distribution, such as mean, variance, the 

coefficient of skewness and kurtosis are derived. Finally, application of the proposed distribution 

for the number of hospitalized patients with diabetes at Ratchaburi hospital, Thailand is presented. 

Key words: negative binomial distribution, NB-NWL distribution, count data 
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11 flt 'Ul'\1171-A 'l tA 11-:i-w tJl'Ult'l'.i l'lf'l,i~ ~ .:it ilmJtymilllil'.i w q''ll~ rl1ity'll t1-:i i-:i'l1 -r~ 1 l'lf'I.J 1 hw'V11-:i 

11-:i-w tJl'Ult'l 1 l'lf'lJ 1 iiu 1ti'll w ui:-iu m 1 v\' 1-:i 1u; 1u m 1 ~ut'I iY'll m-w '\Jo-:ivilJ iY'llfl 1-w~-:i-w1J11 Htl 1 tJ q ,U Cl q ,U 

t'Ul'\1111-A ~t'1J 1f 'U f) 1'.i f f)'l:J l U~tA f)~1J 1tJtA tlf)'IJ o-:i 11 .:J'W tJl'Ult'l'.i l'lf'I.J 1 ii 'illt! 1t!lJlf)~t! i-:iu~il 

,,:!i d d I d O il}I d 'J) 

'W.rl'. 2550 tl.:J tl'W.fl'. 255 1 'illf) 5,656 '.iltJ ttltA 6,270 1ltJ Ut'l::: 'W'lJ11 lJ'illtA1t!i:-llJ1tJ!'Ul'\11ltA'Vlt'\Jl 
" 

.., d Ji 'l -:'I & ~I 
1'lJf11'.i'1.:J'Vltt'UtJt!lJlf1'\JtA t!lJ'W.rl'. 2550 tl-:J 2552 'illf) 3,557 1ltJ !lJ tA 4,176 1ltJ Ut'lt 4,490 11tJ 

o "' d o il_•1 ', d ', ii d, Ji ii i1_•1 
\9\llJt'!Wl'lJ ttt'1:::lJ'fl11lJ1f1'illtA1tAf:;!1J1tJ !'.iflt'Ul'\117tAey-:imttA 11tAlJt'WlJ'\JtA'.itltJ"1::: 40 '\Jtl.:Jf:;jlJ 1tJ 

11flt111'\111u ~fl 11J fl lJ i; (m 1m1'il11'1fm 1 trn::: iJ t 'Vlft'-:J 1tAm:::'Vl11-:i ill li u w iY'IJ 11 -:i-w tJ 7 'lJ 7 "1 . . 
11'lf'I.J1 u1ti1il.:i1Ju1:::mw 256 1) 

i .:itTtA f111 'W\Pllt! lf)l 1 U 'il f1U 'il-:J 1 '11 lJ~ 'ilt'M1tJ1 tA f111 Ufi'Ut1J'l11'1J ti l.jt'lt;-:i tl''lJ~lJ fl 11lJ 

u 'U1'U11t!lJlf)f)11f17m ~ tJ'IJO-:J'1J OlJt'li .:inri11 ;,:im1ii f111fff)'l:l 11 '0tJ t~ tliY~1-:ii1U'lJ'lJ~t'\1lJl::: illJ 
" 

tl'lJ '1J OlJ '1~ tlfl 1llJU'LI'.i'LI111-A lJ lf)f) 1lf11 t'\l ~ tJ 5tA 'il ::: 'fl .:J i:-1'1~tif)l11 1'fl 17::: 'n '1J tllJ '1 t ;,:i ,! 'lJ~tl 
" " 

- I "" "" Ji o - I " 'l il1 !i-1 "" .., «i "" • !i-1 -'1 lJ 1::; il'Vl li fll'W lJl f) '\Jt! Ut'I ::: tA llJllJ 1::: tJf)\91 'If tA 'IJ OlJ t'lt'lf-:J tA 'Ut'W ti nl 101i 'lJ ltJ'il lt! 11-A r-1 lJ 1tJ . " " 

1 '.i flt'Ul'\111tA~t'li'1!1Jm'.i f f)'l:Jl 'l tA i 1-:J'WtJl'Ult'I t~Of11'\1t! ~u 'U 1'Vll-:J 'l tA f)l';j fo'l:l1 'l-tt't1u1::: tl'VlUfll'W 

tu1;~t1iu 
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I. l ~ V'Yi WJ 'W 1 fll 'HHJ f1U 'i)~ hni fll 'Hl 'i) nu 'i) ~'Vl 1'W nm u-~ 'W ;rn vci 1~J l't! ,.rn hnJ (A 

Negative Binomial-New Weighted Lindley Distribution; NB-NWL) m'lt f11'JU,Jf1U,J~'Vl1'Wlll'1U-

Q (/ t/ I ~ QJ q I .d. .d. ef 
'1 'W fl l '1 ti ti 1 ~ 'W 1 'ti 'W f1 1 'till 'Vl ll I;]' 'W till 1 f1 ( Hurde! Negative Binomial-New Weighted Lindley 

o cvj/ QCV 

Distribution; HNB-NWL) t'l'l't!'J'U'llVl,jt'll'lf~'W'U 

2. l~Vftf1'1fl'rltUinJllilt9f~'fl1lll'\.Jl'i)tt~mll't!fum rn,inu,i~ NB-NWL Ut'lt HNB-NWL . 
~ ,e9 ~ _ , I Q r/ 

3. l'VHlfff1'lfl11i f11'J 1J'J t lJltU fllyjl'J lllll>lV'J'lJ 0~f11'JU ,Jf1U ,i~ NB-NWL Ut'lt HNB-NWL 

~1tl1fif111t'\.Jl ,Jtt~'W'tMilfl (Maximum Likelihood Estimate: MLE) .. . 
4. L~01l'J tt1f1\911i'1 'Wf11'J1lf1'Jlttt'li'eimu9fnTu '17'W1'W~1ht11 rntU1't!17'W~L'li'1fum'J . .. .. 

1. 'YiWJ'Wlf11'JU'i)f1U,J~ 1mJ f11'JU'i)f1ll'i)~Vl l 'Wlll '1U -~'W;rntfci1~J1,,n.Tn 1 mJ (A Negative 

Q Q o' ti ' ~ QI 

Binomial-new weighted Lindley Distribution) Ut'lt f11'JU,Jf1U'il~Vl1'Wlll'1U-'1'W~Ht'ltlt11~'Wl'tl'Wf1 

Ci\ ldd t/ 
1 'till 'Vl ll l;)''W till 1 f1 (Hurde! Negative Binomial-New Weighted Lindley Distribution; HNB-NWL) 

0 0.,9' QQJ 

t'l'l't! 'JU'll0l,jt'll'lf~'WU 

2. fff1'1fl~tUilllllilt9f~'rl1lll'\.Jl'i)tl~mll't!funl'JU'i)f1U'i)~ NB-NWL tm t HNB-NWL 

,el ~ ,., I I Q ti ii 
3. fff1'lfl11ifll'J1J'JtlJltUf11yjl'Jlllt\>l0'J'lJ0~fll'JU,Jf1U,J~ NB-NWL Ut'lt HNB-NWL fl1tl 

.,.,. , ~ I 
11if111t'Wl'i)tl1J'WtJ~'tl'~ (maximum likelihood estimate: MLE) 

4. 1htt1n\91H1 'W fll'J 1tm 1t11'1i'0mu;~i1u . .. 

1. i~m'Ju,inu,i~1mJ fll'JU,Jf1U'il~'Vl1'Wlllt'lU-~'W;rntfci1~J1m!n1mJ (A Negative 
Q Q ,I o'1 ~ QJ 

Binomial-new weighted Lindley Distribution) Ut'lt f11'JU'ilf1U,J ~'Vl1'Wlll'1U- t'l'Wfln'ltlt11~'Wl't!'Wf1 

GJ. ld d. ,/ 

1 'till 'Vl ll l;)''W till 1 f1 (Hurde I Negative Binomial-New Weighted Lindley Distribution; HNB-NWL) 

0 QI " Q QJ 

t'l'l't!'J U'lJVllt'll'lf ~'WU .. 
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.. I I Q a' <j/ ,Q,oC1 1 

3. u'.i:::'J.JlW'flWll'.illH\910'.i'\J0'1f)l 'Jll,Jf)U,J,:l NB-NWLml::: HNB-NWL ~1tl11ifl11:::'Ul'1 ::: 

1tlirn-:iirn1; ., . 
0 - 1 "'9v.'l "' d''J) "'"' 

4. 'Ulmrn,:im1,:i-:i NB-NWL mi::: HNB-NWL u'.i ::: tlf)\91 I'll !'Uf11'.i1!'fl'.il:::'11'\JOl.Ji'l!'l/'1'UiJ . ., 

i1uiJ1J~1 'lfon1J1t1m'.i u,:inu,:i-:irlrnf mi'om11i-:i,!iJ 1~vlf 11 ulTn 1 'lfm'.i11,:inu,:i-:iu1CJ1-:i ., 

'Vl1'U ll.J '11~ O'Vl1'U llJ'1iJ U\9liJ1'1'flf '1l'liJ1lf11rn ,Jf)!! ,:i-:ii-:inri11iiu '.i::: ff'Vlfiflll'l~l omf-:iv-:i llJ!tl'U 1 u 

\91llJ'UOtll.JlJ~'\J o-:im'.i u ,:in11 ,:i-:i t'lf'U m'.i u ,-, nu ,:i-:iif 1CJ1-:i ,1:::li-uo tll.Jl.J~ 11~ 1m ~vi o-:irvi 1n1J~ l'fl 111.J 
,, . . 

U 'U'.i 'U '.i1'U tlflll'l'\J 0'1 'U omu i-:itJ iJiJ1'1 'fl f '1!fl~ ff flll'l'n'IJ~Uti'-:i fiiJ 'U Otll.Jl.J ~'U i.:ii'U ! 'lf'U m tU 'n~ 1 ., . ,, ,, 
ir -:im\91li'fl17l.J~tl -:i ~~un~ i-:itT'U mrn,:im1,1-:i'Vl1'U 7lJ'1iJ~,:iflm11m 1 'lfniJ-uomi 1 m f mJru.:::-w u\91 ., ~ ., 

ov1-:i h fi\91 ll.J mrn,., f)U '1'1 'Vl1'UllJ'1iJ 01 '1 llJll'i'J.Jl::: f)iJ 'U Ol.J'rl Heavy Tai led i -:itl' 'U mrn,., f)U '1'1'Vl 1 

'Wll.Ji'liJ p.,jff)J (Mixed NB) ~ <ltlf)'W lltl'U O "11'11 f 'IJ,YO)Ji'!~ltl~UW'l1li-rnri11 1rn:::1~01n~'UW'l11fl"WfJ cu cu u CJ cu 

'lJ1 f) ,llf)f)l'j 11,., f)U '1 '1'Vl 1'U 1:1.J i'l'IJ Hffl.J ffll.Jl'j tl'WWJ'U 11tl'U f)l'j u,., f)!! ,:i-:i1 ll'UJ 'U u iJ'IJ 'illi'l'eH ~ \)fi 
i~u'U'1<l 1~vnT11'U~m:::1J1'Um'.iU'.i :::mru.1 tt~lf'l''Ufltrn::: 'ill'U 1u1J1niim11.Ju\91n\911-:in'U mm::: ffl.l ., 

rl111f iJf11'.i 1!'fl '.i 1:::11i1u 'U'.i \911:1.J~ii~1f'l''U ef1rn::: 'il l'U 1'UiJ1n~lim'.i u ,:i nu ,:i '1UiJiJ'Vl1'U ll.J (Binomial 
"' 

Probability) ~-:iii'fl11lJ'fl~ltl'fl~'1f1iJJ'U;1tlU'IJ'IJ'illi'l0 '11'Vl'U'Vl (Tobit Model) 

Q,I o Q.I 'JI ~ V 

1. li11U'IJ1Jtll'tt11J'\Jfl'lli;U'll '1U1J ... 
'JI "' ., ~I 'J/ "' 1/J 'J/ 9 'J/= ., ., 'J/ "'1/J 'J/ 
'\JOlJ'1!'l/'1'UiJ (Count Data) !u'U'\JOl.Ji'l'Vl !~'11f1f11'.i 1'l/11if11'.i'UiJ '1f1'1:JW:::'\J0'1'\JOlJ'1'Vl I~ ., ., ., 

,11nm'.itT iJ~ 1~vlf 11 u ,:i::: 1ll'Ui1rn'\J'ill'W 1'U!~l.J t'lf'U ,\' l'U 1'UN!'lflm 1 'lf1J~ m'.i ru. 1 Hl'l t11rn'11 'U ., 
, ., o 'JJ.d _r ., 'J/9 'J/ 'J/ J , 'J/d 'JI 

U\91i'l:::1'U '11'U1'U~f)'fll'Vll.JlCJ/Off'U'fll !'U'.il 'U'fllff:::~1f)CJ/0 'tll'\Jl!!l.J 1,:i ti'.J'U\91'\J 

cl'1i1uunYlJ X tll'U 'U0:1.Jmi-:itTiJ mrn ,:inu '1'1'fl1ll.J\J 1,:i:::1tl'U'\J0'1U\9li'l:::~l'\J0'1i 1U'U '.i ril.J . ., . 
,, . ,, "~ 

X iJN'fli-:immrn1;im.J!l'Vl'U;1tl f (x) ~-:i ,:iditZmJru.:::U\91f)\911'1f1'U oon 1u l'1'1'W'\J'W O~f11J!l\9li'l ::: 

i111U'.iril.J X i1ov1-:im'.i u ,:im1 '1'1'fl11l.J\J 1,:i:::1iJ'W ri111f 'IJ-UOl.Jmi-:itJ'IJ ii~-:i~ . ., 
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1.1 m ·rn '\'l nu '\'l .:i TI 1 u 1 ii 

m rn 'il n u 'il.:J'Yl1'W llJ (Binomial Distribution) 'ilt i~'il1nm1 'Ylfl '1'fl.:J~1tl'W1mrn1rnf 'W '1 .. 

'U'YIU £Jl'l.J 1 ln' X 1il'Wi1uiJnj'll~iinnu'ilnU'il.:J'Yl1'W1lJ 1;V'WU'Yl'W~1tl X ~ B(n,p) 'ilti~ 

vl'.:ini'mn7lJ'W1'ilt1U'W'\J'fl.:Jf11'm 'ilnlL 'il.:J'Yl1'W 1lJ i.:itl 

(n] x 11-x • ., f (x) = x p (1 - p) , x = 0, 1,2, ... ,n ffll11'U O < p < I 

'Ylt)'ll~'U'YI l t 1 X L ii 'W i 111 ,J HJ'll ~ ii f11 'ju 'il nu 'il .:J'YI 1'W llJ LL~ 1~ 1 m ~ vu '1t f111lJ LL ,J 'j ,J 'j 1 'W ii~ 1 

L'n1f1'U 

E(X) = np U'1t V ar(X) = np(I - p) 
c. d 
't'HJ'\'l'\.l .. 

' "' mm'1v 

LL'Yl'W y = :1; - 1 

O,Ju E(X) = n ~ (;) v' +l(l - p)"- ,-i 

= np f (n ~ l)pY(l - p )<n- 1)-y 

y=O '!) 

= np 



8 

fl11lJU'lh,J'j1 '\..I 

~'ill'j\l! l 11,; (X) = E(X(X - 1)) = E(X2 
- X ) 

E(X(X - 1)) = f x(x - 1) ( : ) p:,;( l - pyn-:,; 
x=O 

= ~ x(x - 1) ( n) p:,; (l - p f-:,; 
D X 
o:=2 

U'Yl'W y = :c - 2 

E(X(X - 1)) = n(n - 1) f ( n ~ 2) vy+2 (1 - p )11-y- 2 

y=O y 

~ (n-2) . = n(n - l )p2 6 7 pY (l - p)<n-2)-y 
y=O y 

= n(n - l )p2 

'illf1 E(X 2 ) = E(X(X - 1)) + E(X) 

= n(n - l )p 2 + np 

'illf) Var(X) = np( l - p) + n 2p2 
- (np)2 

= np(l - p) 



tn'HY~1.:im·rn,:inu,1.:i f11UJu1,:i::iiliA'lle>.:im1imnu,1.:iTI1 mii1iA11.hun11-1 R 

library("stats") 

x<-seq (0, 100,1) 

r<- kl 

c<- k2 

k<- k3 

dnbel<-function(x,r,k,c) 

{ 

f=function(iam) 

{ 

f<-(exp(-lam*r))*(( 1-exp(-lam))" x)*(lam"(k- l))*(exp(-c*lam)) 

} 

fun=integrate(f,0,Int) 

fun lam=fun$value 

p=(((factorial(r+x- 1 )/(factorial(r-1 )*factorial(x)))*(c"k))/((factorial(k-1 ))))* fun_lam 

out.dist=c() 

for(ii in I : length(x)){ 

out.dist[ii]<-dnbel(x[ii],r,k,c) 

sum(out.dist) 

out.dist 

9 



n = 20, p = 0.2 n = 20, p = 0.4 

g 
0 

~-
:0 

.. ..t1l l1i1 ....... 
"' ~ ..0 
0 ci ct 

0 
0 

~ 
:0 
"' ..0 
~ 
a. 

0 I 

0 

g 
ci 

I 

5 

I 

10 

X 

7 

15 

n = 20, p = 0 6 

I ci 

20 0 5 10 15 

X 

n = 20, p = 0.8 

-

g -

....... 11111 

:,,.. 0 

............ 1111 l1i1 ... 

:0 -
0 "" ..0 0 
ci 0 ~ -a:: 0 

0 0 
0 0 -
c:i 0 I ' I I 

0 5 10 15 20 0 5 10 15 

X X 

_ I "" . '.'I' _, ., , ?I "' 1 lJ.fll't'fYI 1 TI-!I f1 'lfU m 111 'U1 'il ~ 1 u 'W '\J tM m ·m 'il fHl 'il ·-ll11trn.J ... 

1.2 fl7'H1'ilOUM'U1"1l-3 

20 

Ii. 
I 

20 

'ltJf11 'j 'VJ~HHN'H~-:J "l 01'1.J X 11JtJi7'W1'iJ'\Jtl-!11'H~f11'jill~7-!l"l ~1n~t'W'lw1h-:in,n 

'l~nmtt~ -:itt~ t1 'l 'W munu 1 nw '11~ -:ici ci' 1 A 1il'W ~ 1m ~ fJ'\Jt1-:i i 7'W 1tJ m ~ n n w ~1n~ ttJ 'l tJ 

'l/1-!111"7~i1n~ 'H~t1'l'Wt17W7U1 nw~i1n~i-:in~ 11tT'W 'il~,~':hi1uth~11 X 11J'Wi1mh~11 

1 .,; .,. ' ? I ."I 
i~fJ'Vlllf11rn'ilfHl'il-!I t117lJ'Ul'il~lu'iJu19/-:J (Poisso n D istribution) 



o' Q,J I d Q,J ,: 

'Vl.:i n'll''W m11Jm11~1il'W 'll t1.:im rn 'ii nu ,i.:i ~.:J'W 

' I d 

tnt~HHJ 

U'Vl'U 

e-" A,x 
f (x) = -- , x = 0, I, 2, ... ffl'tti' U J > 0 

x ! 

E(X) = J m,~ Yar(X) = J 

E(X) = ~ x exp(-,,\),,\.L' 
L..,; x! 
.1:=U 

E(X) = ,,\ ~ exp(-,,\),,\Y 
L..,; y' 
y=O • 

Yi'il1'HU1 /t;(X) = E(X (X - 1)) = E(X1 - X) 

E(X(X - 1)) = ~ x(x - 1)-ex_p(_- >._)>._x 
L..,; x! 
1:= U 

11 



!!'Vl'W y = :r: - 2 

oo exp(- ,\),\x 
= "°' x(x - 1)---L x ! 

~:=2 

= ,\2 ~ exp(->.) >.x-2 
L (x - 2)! 
:r.=2 

E(X(X - 1)) = ,\2 ~ exp(- ,\) ,\Y 
L y l 
y=O • 

,11n E(X2) = E(X(X - 1)) + E(X ) 

., 
i ~'W'W Var (X) = >..2 + >.. - >..2 = ,\ 

mi t11Hm 1ui1fUAil~fl1n1i.l lil~&uwu0~m1 Uilm&il~if 191~ 1u hh unn1 R 

library("stats") 

x<-seq(0,30, 1) 

I<- k 

poi <-function(x,l) 

p<-( ( exp(-!) )*(l"x) )/factorial(x) 

out.dist=c() 

for(ii in I : length(x)){ 

out.dist[ ii ]<-poi (x[ ii] , I) 

sum(out.dist) 

out.dist 

12 
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11 •................ 
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ci 
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1. = 2 

1 !~! Iii .............. . 
0 I 

It} 

0 

0 

I 

5 

I I I 

10 15 20 

X 

i, = 10 

l11r, .......... 

~-
0 

. 11! 

.a 
"' ~ - ..0 

ci e 
Q. 

-
8 -
0 I I I I I 0 I I I I I 

0 5 10 15 0 5 10 15 20 

X X 

• I "' .~ " ., ' !;l1 • Cf 'luill'Vifl 2 -n-:Jfi'lf'WffJllJ'Wl~:::1u'W\IO-:Jfllrn~nmMu1CJl'-:J .. 

1.3 fll'lU\lflU\l.:.tfl1'Ul'JJtl'U 

13 

l 'W mn1 ~Hrn -:iJ1 ci n'W 111 v~ f17'i 'Yl11" o -:i u~ ci:::fl f-:iij ~ -:i ~11 vn 11fl 11l.J iil rl111 ~ 
a1 od t ,.,,,, do td '1")91 odd 

(Failure) m.Jff'Jll.Jffll'i~ (Success) 'W'W m l1 X 11J'W~l'W1'WflH'Yl'Yl11clO-:JUcl1 &11fl1 1llffll'i~lil'W 

flf-:i~ r .J-:itl p ~Ofl17l.J'W7~:::1ilmrn-:ifl11mi11,~ l 'WU~cl:::flf-:i ~::: 1~11 X 1il'Wi1mh~l.J 111v~ 

ijfll'i U~ nu ~ -:!fl 1llJ'W 1 ~ :::t il'W 'V11'W llJ'11J (Negative Binomial Dis tribu tion) 111 vijvl',:i f1'1f'W fl11lJ 
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'U't1U £JUJ 31,r X 1tl'Wi1u1h~11~iimrn,:im1,i.:i'Yl1'U11J"'U 1~t1'WU'Yl'U~1 t1 X ~ NB(r, p) ,i t
1M 

,IQ,/ I d Q,I ,J 
~.:if1'll'Wfl1711'W 1,it11'.lmrn.:inn u ,imH1.:i fl.:J'W 

(
r+x- 1) r x • .., 

f(x) = x p (1 - p) , x= 0, 1, 2, ... ffl'H':i'U r > O 11"t O< p < I 

mp:1~1rn 3 t , X 1tl'Ui1mJ':i~11~iin Trn,inu,i.:iV11m11"'U u~1r11m~mmtf°l1111uu nh1'Ui'.ir11 

1vi1n1J 

E(X) = r ( l ~p)1rnt Yar( X ) = r (
1;t). 

L (r + X - 1) ,.( ):c = X p 1 - p 
X 

";=l 

U'Yl'U y = :1; - 1 

fl1111U'U ':i 'U':i1'U 

r( l - p) ~ ( (r + 1) + y - 1) ,·+l( )Y = - - - L P 1 - p · 
p y==O y 

r(l - p) 
p 
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'"' ( ) (r + x - l) ,,.( )x = L x :c- l x p l -p 
1:=2 

00 ( ) 
r+x- l 1. x = r (r + 1) '"' p (l - p) 

L x-2 
.r = 2 

U'Vl'U '!} = :£: - 2 

E(X(X - I)) - r(r + I) t, (r +~ + I ) p'(l - p)'+' 

= r(r + 1)~1 - p)
2 ~ ( (r + 2) + y - l) p•·+2(l _ p)Y 

p'l. L y 
y=O 

r(r + 1)(1 - p)2 
- p2 

\17n E(X'l.) = E(X(X - 1)) + E(X) 

[ 
(1 - p)2 (1 - p)] 

= r (r + 1)--=--- + - - . p2 p 

., t r(r + 1)(1 - p)2 r (l - p) ( r(l - p))
2 

~,:J'U'U Var(X) = 
2 

+ --- -
p p p 

r( l - p) 
p2 

m1tT1Hn11u1"1mm.:1fl1n..1u11"1::1ilwu0.:1n11u1"1nu1"1.:t'U1'll.:11u1,J,unn 1 R 

library("s tats") 

x<-seq (0, LOO, 1) 

k<- k3 

dnbel<-function(x,r,k,c) 

{ 

f=function(lam) 



{f<-(exp(-lam*r))*(( 1-exp(-lam))"x)*(lam" (k- l ))*(exp(-c*lam))} 

fun=integrate(f,O,lnt) 

fun_lam=fun$value 

p=(((factorial(r+x- 1 )/(factorial(r- 1 )* factorial(x)))*(c"k))/((factorial(k-1 ))))*fun _lam 

out.dist=c() 

for(ii in 1 : length(x)){out.dist[ii]<-dnbel(x[ii] ,r,k,c)} 

sum(out.dist) 

out.dist 

16 

J i.Jmvi~ 3 u "1'~ .:i m whrn.:i vl .:i ni'W fl 1UJ'W 7'1 ::1 U'W '\J o.:i rn rn '1 nu '1 .:J'Yl i 'W 7ll'1'1J -chtt i' 'IJ 

~1vi111ij1~of r 11'1:: p 'IJ1.:J~1 '1::l'tt'W11lrio111n111m11ir p fl .:J ~ irlo r l'U~tl'Wl'U fl1'.iU'1fiU'1.:J 

'1::iji1H1.:i11J~t1'Wl'U i.:itT'W r lU'WYll17Dl~of shape 

r =1 , p=02 r = 1, p = 0_5 

~ 
>, 0 ,., 
:E 

!1111,111,,,,, ...... 

~ .c :.0 
"' 0 "' .0 .0 
0 

0 e a: a. 

8 
0 

-

6 - , 

~: lt, ............... . 
O I I I I I 

0 5 10 15 20 0 5 10 15 20 

X X 

r = 5, p = 0.2 r = 5, p = 0.5 

.,., - -
g 0 

0 

ill 
:.0 - -

!!11111 ........ 

., 
0 .0 

e 
~ -a. 
0 

8 -
0 I I I I I 

0 10 20 30 40 50 0 5 10 15 20 

X X 

- • ... -~ ., .., I ?I Q Jum'Wn 3 TI.:Jfi'lf'W m7ll'W 7 '1:: 1 u'W '\J o.:irn rn '1nu '1-:J'Yl 1'W1ll'1'1J 
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., 
.:), d d , o v 'I 1 

1.4 m ·rn '1 flU'1 ·U1U YU il f.J tl 1 .:i U l't'IU fH 'tn.J 

C\ o' o' . ~I .c1 '.V QI QI G) ,, QI I 

f11 ·rn \1 f1 U \1 ·Hl'\Hl HHJ ( Lindley Distribution) l lJ 'U 'Y1 J \1 f1 f1 'U U r;1::: & 'JI.:! 1 'U f1'1HHJ H 

n1'wu11.:i1'Wf11':i1lfl'll:!:11fl11:IJ'Wll~O(le) (Reliability Analysis) 'Wllil'UO 1~v Ghitany 1m:::flru:::1'U 

U fl.ff. 2008 ~fJlJliif11':i'W1.ll'Ul f11rn\lf1U'il.:J~'U;rntfci1.:iJ1i,n!n (weighted Lindley distribution) 

0 QI O ~ I I 

illl1':i1Jf11':i\llr;lfJ.:J'\JOl.jr;lf11':iO~':iO~ (Modelling Survival Data) 1m:::m-ey~ Asgharzadeha 1m:::mu::: 

\'}!Vo C\ o' f/1 :: Ql q I G) d 

l ~'Ullil'UfJ f1UU\lf1U'il.:!r;l'U~lr;lf.Jtl1.:!'Ull1'Uf1 l'l-1:IJ (New Weighted Lindley Distribution) l'WiJ 

0 "'- 1 "''19!'1 'ii '\'ii 
fl.ff. 2006 illl1':i1JlJ :i:!:f.Jf1 1Pl l'lf l'U'\J0l.Jr;!Olf.Jf11:i 1'lf.:Jl'U (Lifetime Data) . ~ . 

1JTIUf.Jl'J.J 4 nnrn~hfi1111.h~:1J X iim1U'ilf1U\l.:JU1J1J~'U;rnti'ci1.:iJ,,,,irn1m.i (NWL) ~'JV 

'Yn':ilihlPlof 2 i1 i~un a > 01m::: /3 > 0 ii~.:Jfi'M'Ufl1ll.J'Wl \l :!:l~'U'\JO.:Jf11:iU'ilf11!1M~O 

/J2(1 + a)2 
f(x) =------(1 + x)(l - exp(- a/Jx))exp(- /Jx), illl111J x > 0. 

a/3(1 + a) + a(2 + a) 

M (t) = f32(1+ a )2 1/3 - 1+ 1 f](l + a) - 1+ 1] 
x a/J(l + a) + a(2 + a) (/3 - 1)2 [/J(l+a) - 1)2 

• 

fll'ltT~Hfl11U'1flU'1.:Jfl1UJl!1'1:::AiJU'\JMfl11U'1fll!'1.:Jau~rnati1.:JJ1'tt'Uflhn.11u 

hhumii R 

x <- seq(0,20,0.001) 

f <- (((b"2)*( I +a)"2)/(a*b*(l +a)+a*(2+a)))*(( I +x)*( 1-exp(-a*b*x))*exp(-b*x)) 
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d tla., I d ~ c/ ,1, % QI 

'j'Ufll'VfVl 4 u ff\Pl-:J m 7-W'Uel •nlm'lru 'f117ll m 'il~ ttl'U '\J el-:Jfil rn 'il mi 'il ·Hl'W IPltm.1ci 1 -rw 1'11 'W n 
SJ 

o. =0.1 

- p =O.l 
.. p • 1 

p =5 
.... ~ •20 

CV 0 Q.I 9,/ A OJ <d.c::& d 
2. vi 1 Ull 11 tf l'H 'a 11 'll ell.HU '11 ·Hfl.l 'tlll fll'Ul'..lll 10 .. .. 

10 

N 
0 

Jl =0.1 

\-~ ', 

'·<>, 

- u •0.1 
,,.1 

" •5 
.. .... et =20 

0 · •-:. :,::..,,._::;-:, _:-::, ___ _ 

"1..,----~~-~---r-' 
10 

X 

V -=> "-' ,d"' ,I . ? I V ,d lJJ V 'l V"""' 
'Uelll'1l'lM'U1J'Vlllrl''UVlllf1 (Count Data with Extra Zeros) l1J'U'Uelll'1'Vl !\Pl'illf1f11'j !'lf11if11'j 

SJ SJ SJ 

,r 1J i l'W 1'W 'fl f-:i '\J el-:J f)l 'j lfi\Pl ll'I \91 f) n ru ~ l 'j 1 ff'W i 'i) n fl l l 'Vl l fl1J O 111 mtu mnr11 el 'fl 11 ll ~~ 'hh n \Pl . 
l'tt\91f11'J U!~l 'J lff'W i utl''Ui1rllff-:J 1'11'U il'U 1'U'flf-:J'\Jel-:Jf1U ~ t.lf1~'W 1 r11J ( Claim) 'Uel-:JU~'1~mll 1i 'j 'jlJ 

• SJ 

~ff'U iu i1'U1'U'fl f-:J'\Jel-:inn 1n\Plllfi'W ~'W 1 r11 i 'W'tt'W 1vi'W~'l1~-:i '7 1iJw,i''W ~1elti1-:im111un11u-:i 

'fl 11ll'W 1 'il~l U'U rirnf mYelll '1!91-:Ji!u~i1rY'W vmn i1i-:itl 
SJ SJ 

2.1 nnmmu11-:i Zero Inflated Poisson Distribution 

f11 'jll'ilf1U'il-:J ZIP (zero inflated Poisson Distribution) 'Wl!ff'Wel 11PltJ Lambert (1992) 

1f1 £Jf11'j fifflJ 'j ~r111-:i m 'j 11 'il n 11 'il-:JI 1Jel f 'W "~11 "~ n n II un11 'il-:J'U 19l'-:J 1~ ell U'W 'Vll-:Jt~ el nrirn f 11 n 11 
SJ 

'°' 'I V ? I .,_, - I ' "' d d V 11 't1 U ti l ll 6 ! l1 X I lJ 'U \91111 lJ 'j ff ll 'Vl lJ f11'jU'ilf111 'il -:J ZIP (zero inflated Poisson) l 'U tJ 'W 11 'Vl 'W \Pl 1 tJ . 
" 

X - ZIP(J,¢) 'il~l~~-:Jfl'lf'W'f111ll'Wl'il~!U'W'\Jel-:Jf11'jl!'ilf1U'il-:J (Lambert, 1992) fl-:JU 

{ 

¢ + (1- ¢) e--l ;x = 0 
f(x) = e- -l _,ix 

(! - ¢)-- ;x = l, 2, ... 
x ! 



t Cl 

fl 1m ,w 

U'Yl'U 
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oo exp(-,\),\x 
E(X) = (0) [¢ + (1 - ¢)exp(-\)]+ L x(l - <P) x ! 

J·= l 

= (l _ ¢) " exp(-,\),\x 
L (x -1)! 
:i;=l 

= (1 - </J),\ ~ exp(--\)xc-1 
L (x- 1)! 
3:=1 

y = :1: - 1 

E(X) = (1 - ¢),\ ~ exp(-,\),\Y 
L yl 
y= O • 

ff'J llJ U 'U -n.h-rn 

vi\"Jl'H.Ul J,l2(X) = E(X(X - 1)) = E(X.i - X) 

oc exp(-,\)Xc 
E(X(X - 1)) = L x(x - 1)(1 - ¢) x! 

3·= 1 

= (1 - ¢) ~ x(x - 1)-ex_p_(-_-\_)-\_x 
L x! 
:r.= 2 

= (1 - </J),\2 ~ exp(-,\),\x-2 . 
L (x - 2)! 
x= 2 

U'Vl'U y = :c - 2 

E(X(X - 1)) = (1 - ¢),\2 ~ exp(- ,\),\Y 
L yl 
.v= O • 



= (1 - ¢)>...2 

'il ltl E(X2) = E(X(X - 1)) + E(X ) 

= (1 - ¢) >-.2 + (1 - ¢) >-. . 

= (1 - ¢) -(>-.2 + >-.). 

i-.1tTi.A Var(X ) = (1 - ¢) (>-.2 + >-.) - [(1 - ¢) >-.]2 

= (1 -1>) (¢ >-.2 + >.) 

fl1'Hf1Htn'lU'llflU'll-:ift1l'l.J'Ul'll~IUU'lltl-:iflT'm'llnu'll-.1 ZIP 1uhhumiJ R 

x<-seq(0,25, 1) 

lambda<-k1 

pstrO<- k2 

dzipois(x, lambda, pstrO, log = FALSE) 

out.dist=c() 

for(ii in 1 : length(x)){ 

out.dist[ii]<-dzipois(x[ii],lambda, pstrO ) 

sum(out.dist) 

out.dist 

20 
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1 iJ fl 1 'Vi ~ s u ff fl ~ n 'j 1 ~ 'IJ o ~ Yl ~ n' i' 'U ri 11 :u -w 1 'ii ~ 1 ii 'U 'IJ o ~ n 1 'j u 'ii n u 'ii ~ z1P rl 1,.-, r u 

ftl'Vil'jllJ!l>'lOf /4 m l ~ tp ~f11l1'Ufl L f 

i. = 2. ♦ = 0.2 i. =2. * = 0 4 i. = 2, ♦ = 0.6 

- ,.q -
6 -

R 
0 w 

0 
0 ": -

0 "' 0 
:,.. ,,. >-

"" ~ ~ M - ~ ... 
:.5 0 0 
11) 0 " "' 
~ ~ ~ M 

~ - 0 
0.. 0.. 0 

0.. 
0 N 

0 0 .., -

l11 ............... [f rr, ............... - 0 
0 rrr, ................ 0 

0 - ~ -0 -
0 I 

0 I I -, I I 

0 5 10 15 20 0 s '10 15 20 0 5 10 15 20 

X X X 

i. = 5. ♦ = 0 2 i. = 5. ♦ = 0 4 i. = 5, ♦ = 0.6 

"' N 
0 ... _ -

w 
0 

0 
0 

~ 
C'> 

0 0 

>- "' >- M - >-0 6 -
~ 0 ~ ~ 
"' 0 0 M 

~ 0 ~ N - ~ 0 
0.. " 0.. 

0 
0.. 

0 N 
0 

~ .., -
0 rll lrrr, .......... ,rf lllrr,, .......... 0 0 

0 q - 0 .,rrrr,, ............ q 0 
0 0 

I I I 

0 5 10 -15 20 0 s 10 15 20 0 s 10 15 20 

X X X 

ti .,; Yl ""' ' ii 'a flWftl 5 ~f1'b''Ur111:IJ'U1'il~! 'U'IJO~f11rn'ilf1U'il~ ZIP .. 

2.2 fll'a!!'il flU'il.;I Z I NB (zero inflated Negative Binomial Distribution) 

mrn'ilf1H'il~ ZINB ll1rn·'Uo 1flv Greene (1994) 1flt1f11'H--lffm~l117~f11'jH'iJf1U'il·H'UOl 

'U '1~!nl~f11'j u 'iJf)U 'il.:J'Vl1'U 1:IJ'1'1J r.4 011l'U'Vl 1-:J!~ ti mh'l-1 r 'l.Jf)l'j 1!rl 'j l t -ni 0:IJ'1!; nfo~ijfl''U 6mn 
~ ~ ~ 

d ,/~ I d n., ,X 
!flt1:1Jvl~n'b''Ur1111J'U 7'il~ttl 'U f!~'U 

1J't1'Ut1UJ 7 l'H X 1iJmi1mh~:u~ijmrn'ilf1U'il.:J ZINB (zero inflated Negative Binomial) 
d 

!'\Jtl'U 

'JJ II) 'JJ.~ d'., ' ~, ., ,X 
U'Vl'Ufl1tl X - ZINB(r, p, ¢) 'ii~ tf!TI.:Jf1'b''Ur111lJ'U1'il~!u'U'IJO.:Jf11'jH'iJf1U'il.:J fi.:J'U 

{ 

¢+(1 - t/J)pr 

f(x) = (1- ¢)c+: - l) pr (l - pY ;x = 1, 2, ... 

;x = O 

rlrn!u r > 0, 0 < p < I Ufl~ 

0 < ¢ < 1 



' ., 
1 'Vllf)'l.J 

"" t 'VHHl'U .. 

E(X) = f x(l - <P) (r + :-
1
) p'.( l - PY 

~;= l 

= (I - ¢) t,x(r + :- ')p"(l - p)' 

= (1 - </J)r f-, (r + x - l)pr(l - py. 
L......t x- 1 
x=l 

22 

U'Vl'U y = :.i; - 1 

fl111JU'U '.i 'U'.i1'U 

= (1 - ¢)r(l - p) f ( (r + 1) + y - l)pr+l(l _ p)Y 

p y = O y 

= (l _ ¢) r (l - p) . 
p 

~ (r +x- 1) • E(X(X - 1)) = L.....,; x(x - 1)(1 - ¢) x p1 (1 - PY 
.r.= l 
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Ul'll..! y = :1: - 2 

E(X(X - 1)) 

:x: ( ) 
r + + 1 . . 

= (1 - </>)r(r + 1) L ~ p' (1 - p)Y+
2 

y =O y 

= (1 - </J)r(r ~ 1)(1 - p)
2 f ( (r + 2) + y - l) pr+Z(l _ p)Y 

p y 
y = O 

(1 - ¢)r(r + 1)(1 - p)2 

p2 

,:i1n E(X2 ) = E(X(X - 1)) + E(X) 

= r( l - ¢)(r + 1) (l - p)
2 

+ r( l - ¢) (l - p) 
p2 p 

= r(l - ¢) [(r + 1/ 1 - p)2 + (l - p)] 
p2 p 

,, 
i.:it!u Var(X) 

= (1 - ¢)r(l - ¢)(r + 1) (l - t)
2 
+ r( l - ¢) (l - p) 

p p 

- [r ( 1 - cf>) ( 1 ; p)] z 

= r(l _ ¢) [ (1 + r¢)(1 - p)
2 + (1 - p) ] . 

p2 p 
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nJ fll 'V'l ~ 6 UtHl .:i n'J l'W 'IJ ti ,:i 'W-H1ilJ fl 11 lJ 'W 1 'il ~ 1 ~ lJ 'IJ ti .:i fll 'W 'il f1 U 'il .:i ZINB "11 '11 f 'lJ 
"' 

m ·nJ~Hfll'Ht'llmm-:ir111iitt1'\l~tilw,m.:innmrnuu-:i ZINB 1uhhtm1ii R 

x<-seq(0,25,1) 

size<-k 1 

munb<-k2 

pstr0<-k3 

dzinegbin(x, size, prob = NULL, munb, pstrO, log = FALSE) 

outdist=c() 

for(ii in 1 : length(x)) 

{ out.dist[ii]<-dzinegbin(x[ii],size,prob = NULL, munb, pstrO) } 

sum(out.dist) 

out.dist 

r=1 . p= 0.5. ♦ =02 r= 1, p= 0 5. ;=04 

"' 0 

-~ "' 0 
0 

,._ ... ,._ 

i 0 ! .., 
M " 0 

1 0 1 
<'j ,.. -
0 0 

r = 1 p=0.5, ♦ =0.6 

00 
0 

"' 0 
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I .... 
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r =5, p=05, +=02 r=5. p=05, +=0.4 r= 5. p= 0.5 += 0 6 

~ 
,,, 

0 "' - 0 
0 

"' P. 0 

,._ 0 M 

i 0 f 
q 

z "' 0 

f 
;; 

f M 
<'j 0 

';: -

illl]llrrr,, ........ 

0 0: 
0 

<'j 
0 

~ '"'. -
0 

rlfffrrr,, .......... 
;; 0 

~ 0 - 0 ,,rrrr,,, ...... ..... 
0 

0 
I 

0 

0 5 10 I S 20 0 5 10 15 20 0 10 15 20 

X X X 

tJ .,; 'W ""' ' ~ 'a ill'Vf fl 6 .:if1'1/'\.J fl'J llJ'\.Jl 'il~1 lJ'IJ t1.:if11 'J U'il f1U'il.:i ZINB .. 
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Q,.I CV O CV SJ Q CV CS.c:t d 
3. fl l 'avt~'U l ~ 1U'U'U t11'11'a'U'U tliltll'll ~'U'U'rlil ~'Ul'..lil 1 fl .. .. 

mrn 'ilflU 'il~ Hurdle mm10'111m 'l fh.J m111m 1ti1 iu'm.i m;.:itT1J~iji!J''WUlJlfl i~viu'Vl.Jcl 

liJ 9/ d .,, .f 9/ , ?I , .d <!I .,, .f 9/ 

'ilt l~'il1f1'ff.fl11t (State) fl0 ff.fl11tllrn!f1~ '\J'I.J~1tlfl111J'I.J1'0tl1J'I.J ¢ lli'lt'ff1'1.J'Yl ll1'10!f1~'\J'I.J~1tl 

I ?I • "'. I I • ., 9/ .. ., 9/ . '.'I' " ., I ?I 
fl111J'I.J1'iltl1J'I.J 1- ¢ Ui'lt'I.Jl rnUf11'm'il f1ll'il.:Jftl 'IU1J'\J0l.j"1'lf.:J'I.J1J ~1tlTI.:Jf1'lf'I.Jf111lJ'I.J1'0tlu 'I.J 

v .,, ,1 1 d o'd d e1 , 

f(x;0) WHJ'W 1'.i1lll~0'.i 0 ~tl 'Vl i!J''Wtl 'Vl lJl'il1fHHl11t'Vl lHJf111 "Structural Zeros" (Lambert, 

1992; Jansakul and Hinde, 2008) i~t1ijv'.f.:i t1'1f'I.Jfl111JlJ1'0tlll'Wi.:itl 

(J) 

( I - w)h(.r) 

1- h(O) 

. r = 0 

. .r= l ,~, 3 . . . .. 

h ( x ) ~'el f11'm'il flll 'il.:J'W.:Jfl'lf'I.J fl11lllJ1'ilt lU'I.J 

~ ~ ct tQJ I QI 

h (O) fiV f11'm'ilf1U'il~'W'I.JJ1'1.Jl1l0flltHlfl~l'Vl1f11J 0 

3.1 fll'aUilflHil~ Hurdle Poisson (HP) distribution 

f11'm'ilf1U 'O~'U19f.:Jlll'W i11~0m1~.:i~'linui1 i-uri11111Jm rn ,1.:iu 'il .:JU1J1J Hurdle 1~t1 

1M .:inium1llii1'0t1ilu i.:it 

g( I ) = { l t) l'Xp(- A)A:' 
( I - W )-( 1---l'-'--'X-'--. p-( --11.-)-).1-! 

.. I =0 

. l= l.-. 3, ... . 
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1 tl m VI ~ 7 u ~ 'fl .:i n 1 1 ~ 'U 'cl -nl~ n i' 'W fl 1111 ,1 1 'il ::: t tl 'W 'U o .:i m 1 u 'il n u 'il .:i HP 'ff 1 td' 1J ., 

~ l Vll'JllJl\•ltl{ /4 U'1::: OJ ~ f)l l't 'W'fl 11 

"' 0 

N 
o. 

;; 

0 
0 

" 0 

6 

0 
0 

0 

,,, =0,1 , =, 

10 15 20 

,,, =0.5,, =1 

1 r ' ............... . 
10 20 

" 0 

r 
0 

0 
0 

0 
N 
0 

';! 
0 

:g 
0 

8 
0 

0 

0 

ro =0,3, ,. =1 

' ............... . 
10 15 20 

,,, =0.1, I. =5 

10 15 20 

. I ct .'.'!' o' ., ' :'I 
JtJ.fll'YfYI 7 TI'1f1'1f'Wi'l1711'Wl'il ::: lu'W'Utl'1f17rn'ilf1U'il'1 HP 

E(X) = 
( 1 - W)A 

I - cxp(-A) 

Vor(X ) 
= (1 - w)f 1+ ( 1- w) "- [ ( l - 00) 11. ]

2 

I -exp(-A) - I -exp(-A) 



"' ,! 'VitHl'U .. 
' ,. 

fllt'iHW 

00 exp( - A)Ar 
f(X) (O)lw] + _

1
~ / -( 1 - w\ 1 -exp (- A))x! 

c-, cxp(- A)Ax 
= ( 1- w)}; ( I -cxp(-A))(.r- 1) ' 

( 1- w)A 00 exp(-A-)11.·1 --
1

_ 

= l - cxp(-A)_t'1 (x- 1)! 

' II) 'II 
U'Vl'\.Jfll y = X - 1 'ii~ !~ 

E(X) 
= ( I - cu)A _ [ cxp( - A);,.,l' 

I - exp (- A) .r=O y! 

( I - w)A 
- I -cxp (- 11,)" 

\lur(X ) = E(X2) - (E(X))2 

= £ (X(X- l )) + E(X ) - (E(X))2 

°" exp( - A)Ax 
E(X (X - 1)) = [ x(x- l )( l - w)( l -cxp (-11,))x1 

x= I 
00 cxp( - A))..X 

( 1- w) [ x(.r- 1)( 1-e p(- A))x ! 
x= 2 

( I - w)11.2 ~ cxp(-A-)Ax- 2 . 

= 1-cxp (-A-) _t:i (x-2) ! 

' II) 'II 
U'Vl'\.Jfll y = X - 2 'ii~ !~ 

r:(X(X- 1)) 
(1- w)A~ ... cxp(-A)A-'° 

1-cxp (-A) I o -"~ 

( 1- w)),} 
I -cxp(-A) 

= H(X (X - l )) + L (X) 
( 1 - w)A2 - ( 1- w)1c 

I -cxp (- A) 

27 
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Var(X ) E(X2) - (£(.Y ))2 

( l - w)11.2 + ( 1- w)11. _ [ ( 1- w):\. ]
2 

0 
I - cxp (- 11.) I -cxp(- A) 

3.2 m·nmmm..'l H urdle Negative Binomial (HNB) distribution 

f)l'j ti 'ilflU 'iM'Vli l-1 urnrn ~lJ Ofli1t~ tlf1'11 ~-'l~l inulf 1 i 1.hhtt fu f)l'j U 'ii ·Ht 'il..'lU 'lJ'lJ 

Hurdle 1~t1ih~-'lf1'11lJfl11lJ'W1'il~ttllJ i-'l~ 

g(x ) = { o) (r + .r- l )1l ( l - 11)" 

( I - w)--'-- ·
1
- -"--------1 - p l' 

,.r =O 

.x = 1.2.3, . . . . 

J iJ fl 1 'W ~ 8 U 'ft~ ..'l fl 'j 1 yj 'll ti ..'l 'W .:J f1 '11 'U fl 11 lJ 'W 1 'il ~ ! tJ lJ 'll ti ..'l fl 1 'j U 'il fl U 'il ..'l HP rl 11'1 'f 'lJ 

I ~ .,, d O "1 91 
fll'W1'j1lJ!\91tl'j r , p Ui;'I~ CV 'Vlf11l1lJ~ !1 

,,. 
1 
~ 
"-

" 0 

-0 

~ 

C, 

-
Q 

0 
0 

.. 
0 

., 
0 

N 
0 

T ' .. .. . . . . . .... 
0 10 1; 

c,, a08 r:a1, p•0.7 

. 
?? 

o 1 T , •••• • •• • • ••• •.. • • 
o'-,--~- - ~ -~-

10 20 

"' =0.5, r =1. p =0.6 

"' 0 

" 0 

f ~ 0 

"- N 
0 

;; 

0 
0 

l . ..... . ...... .. . . 
0 10 20 

m • D 2 f • 5 p • O 5 

l',! 
0 

~ 
0 

"' 
~ 0 

J 0 

i (l 
0 

'l' 

i 1 I ll i liT T, .. .... 

0 

8 
" 

0 ~ 10 1~ 20 

. I .J .~ ""' ' ?I 1tJfll'Vft1 8 -n..'lfl'lf'Ufl11lJ'Ul'il~!u'U'lltl.:Jf11'jU'iJflU'il..'l HNB 
"' 
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Titp,1~1rn 7 t 1 X 1il'Wi1mhzj-1J~iim1u'ilnU'il~ HNB 11~1~1m~v11"~f1111J11'Unh1'Wii~1 

1"11f1'U 

E(X ) 

\lar(X) 

"" d ·mrnu .. 

= ( I _ w) r( I - /' ) 
p( I - pr ) 

= ( 1- w) r ( I ?-p)(r( I -p)- 1) - [ ( I - ct>)r( l -p)]
2
· 

1r ( I - p') /J ( I - 1r) 

' .d 
fllmM 

~lfll~'l11~'\J~~i111'Ulzj'lJ X 

E(X) 
00 (r-r.r - l )1i' ( I - pt 

= (O)[wj - ' x( I - w)-'---·
1
-· --'----

'- I - pr 
X- 1 

.. c--~- '),/<1- ,,r 
= ' .1( ! - 00)--·----

./;;:, I - ,,,. 

(
r +x- ') r( )r 00 p , _ ,, . 

= ( 1- w) [ x--x-~---
.1 I I - pr 

( l - w)r~(r-.1- I) ' ( I )r = --- '- " - p · . 
I - ,,,. .l - 1 .\" - I 

' 11) j/ 
ll'Vl'Wfll y = X -1 'il~ !~ 

E(X) r ( I - w) Loo (r +y) ,. )v+ I ---. p ( l-p · 
I -11' 1· y=O 

= ( 1-w)r ( I ~ p) [ ( (r ,- l )+ r- l )p'·-t- l( l - p)Y 
p( I - /11) y o Y 

- ( I - w) r( I - p) . 
1>( I - pr) 



\lur(X) 

1:(X2) 

F:(X(X - 1)) 

E(X2
) - (E(X))2 

F.(X(X - 1))- F:(X) 

(
/'-.I'- I) ,.( )r .. /I I - /I . 

= [ .r(.r-1 )( 1- w) x ,. 
x= l I -p 

( 1 - w) ~ (r+.1 - 1) r )x 
= _ L,_ x(x - I ) p ( I - p 

I -1>' .t 1 X . 

( 1- w)r(r+ I) ~ (r+.r- 1) ' ( )·' 
= r L., . --, fl 1-p · 

I - /I .1 = 2 .\ - -

' II\ 91 
ll'Vl '\..lf1l y = X - 2 ,Jt !~ 

E(X(X- 1)) = ( 1 - w)r(r+ 1) [ (r +_r+ 1)1l( l -11)Y12 
I - /Ir _r- 0 y 

= ( I - w)r(r+ 1)( 1 - pf ~ ((r+2)+_r- l ) ,/ +2( l -p)Y 
1>2( I - p') /::O _r 

( 1- w)r (r+ 'l )( l -p)2 

112( I - 1l) 

= E(.'<(X - I )) - C(X) 

( 1- w)r(r..L I) ( l - p)
2 

+( l - w)1 ( l -p) 
1>2( I - pr) p( I - 1-I' ) 

1/,,,.(X) £(X2)- (£(X ))2 

( I - /I) 2 ( I - /J) [ _ ( I - ,, ) ] 
2 

= ( l - w)r(r- 1) ry( _ +( 1- w)r ( ') - ( 1 - w)r ( .) 
,,- I - ,,, ) I' I - 111 JJ I - p' 

= ( 1- w) r ( l -p)(r ( l - p)+ l ) _ [ ( l - w) r ( l - p) ]
2

- O 
p2 ( I - 1>'') p ( I - 1f) 

.QV cf t:1 V 
.. :mnilunmu1'\l0~ 
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Lambert ( 1992) 'W~'UW11UU'U Zero inflated Poisson (ZIP) 1v1o1tL'Wfil 'HJ1l111tl"n1:J tu:: 

nn u ,:im1,:i~'\i'omu ;~,rrnrnt 1b tt1m1 m1 ,!'LI i 1'W 1 'W ~~ 1-uiw ct1~in~ L 'W m t 'IJ1 'W m1 ~~IPl~~ 
~ . . 

Greene (1994 ) 'W~'U 7i1ll'IJ'IJ Zero inflated Negative B inomial (ZINB) 1v1o1t1'Wn U 

vnrnt1"n1Jw ::nn u ,:,nu ,:i~,i' v :um;~ tl'rnrn::1h :: t1n\Plm1 m 1,:i,!'IJm n-1 ,:i 1 111 'W nn 1 t 'l.JIPl 1 ! fl 1 ~ IPl 
~ . . 

& I ,d Q,I ,I l:i Q ~ I 

9/~Vl'IJ 17f171 U ,:,nu ,l~'Vl! 'IJ 7Vl~ 'U 7'\J'U :U 'Li 1 t il'Vl 1ifl 7Vl LY~ n 17f171 U ,:,nu ,:i~,l 195~ 
~ 
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ll'1ti 111 'IJ1J HP (Hurdle Poisson) 1mJ'U ';j t ti fl\911 in'IJ i1e:1 VH I~ tl1 f)'IJ fll '.i 1 '1tl'W'lHl1'WI ~ el • 
'UnfleJ1Jfll'.i eJn 1Jltl lnltfffl'hl lll'W 1'V1 7-:i 1 'W fll'.il'f WJ'Wlfll '.i'Vl ~ff el'Ufltll 'W 'W (score test) ill'H f 'Ufll'.i 

1mt1rn'Yit1'1Ji111'U'IJ ZIP f1'1Ji111'lJ'lJ ZINB 

Hall (2000) 1tvfWJ'Wli111'lJ'lJ Zero inflated Binomial (ZIB) 1~t1'Ui1J'UJ.:!lJl,llfli111'lJ'lJ 

ZIP ~ I ff'W el 1 ~ ti Lambert (1992) cil .:i 1 t1.l '.it ti fl\>ll ii 111 'lJ'lJ i.:i ff el.:! fi'IJ 'U m.rn i 1 el Vl.:! 'Vl 7.:! t l'W . .. 
fll'.ilfl'hl\91'.i cj/,:i~'1fll'.ifffl'hlWl'U11i111'U'lJ ZIB m'lt ZIP 1tt''U'.itff'Vlnflll'l~1fl'al~tl.:!fi'W 

Ridout et al. (2001) vfwiiJlfll'.i'Vl~ff01Jf1tll'W'W (score test) ffll111Jfll'.i'Vl~ffel1J'.it'\117-:ii1 

11 u'IJ ZIP mi t ZINB 1 ~ 01 ~'W i Tu-:iu o fl17f11'.i 1 ii 111 'lJ'lJ 1~ t-:i 'iltmmt fflJ n'IJ'Utll,J '1111,1'1t'lj~ 

'.it'\111.:!i111'lJ'lJ ZIP 1rnt ZINB 

Famoye and Singh (2006) vf WI 'W 7 i 111 lJ 1J Zero inflated generalized Poisson regression 

(ZIGP) l~tl 1 i'i 'W fll'.i On1Jltii)fl'hl Wt fll'.i 11 'ilflll 'il.:!'U tll,jm;,:itl'rnrnt'U'.it~fl\>lfi'IJ '1l'W 1'W f111lJJ 'W 11 '.i .:! 

1 'Wm 0uY111~.:il'l'lJ11iift''WVl~'W '17'W1iJmfl .. 
.c9 QI y -d 1 

Yip and Yau (2005) ft'fl'in\911111J1J'Uell,j'1f11llJO'Utl.:!fll'.i Claim 'W General Insurance with 

Extra Zeros i ~tll'llfll'.i llli tl1Jl'nt11J1J '.i tff'Vlli fl ll'l'Utl-:i i1111J1Jill'\11 mreJlJ'11;-:itT 1J~iitrlJV'1 l'W 11,J .. .. 
lJ 7 fl hfo fl i 1111J 1J ZIP, ZINB, ZIGP 11'1ti1111J 'lJ ZIDP (Zero inflated double Poisson) ~ '1 

fll'.ifffl'hlll'l'lJ11i111'lJ'lJ ZIDP ii1.l'.itff'Vlllflll'lmfl~ff~ 1 um'.i 11m1t11'Ut11Jm;.:itT'lJ~iir1uv,l' 1u 1'W . .. .. 
lJlfl 

llJ 9,1& 0 QI Q,I .:::l.:::s ~ 1 
Jansakul and Hinde (2008) l~ft'fl'inf1tll'U'U'Vl~fftl1Jff7'11'.i1J\911111J1J'VllJt)'lJt11Jlfl lJ Zero-

Inflated 1 ~ti! ~lfflJ elff ~~ flt II lJ'W 'Vl~ fft1mf 1 I U illl111Jllli t11JI 'n t11J'U '.it ff'Vl 1i flll'li 111 'IJ 'U ZINB 

(zero-inflated Negative Binomial) f11J i 111 lJ 1J NB (Negative B inomial) I rl tl I fl~ 'LI ty '111 fl 11 lJ 

ll'U'.i'U'.i1'Wii~llJlflfl17~7m ~ti ~'1 'illflfll'.ifffl'hl7'11'1tl.:!ff0l'U fll'.i ill (simulation results) i1 tt'111'U ~,:i 

,J '.it ft'Vl n flll'l'U e:1-:i fl l '.i 'V1 ~ ff el u 11m '.i 'Vl~ ff t11J ~ ii 'U '.it ff'Vl n fl ll'I ~l'I eJfflJ f11'.i 11 '1 t ii fl nm t 'il w e:1 v 1.:i 

• 'J) .Q QI y .Q 3d 
ey1Jmt11\91bllJlJ\91j l'U ( \91111'1J1JNB) 'U'.itlJlW~1tlfll'.ill 'ilflll 'il-:i'Ufl\91 (usual Distribution) 'U tlfl'il lfl'Ufl 

o 1!»/ y V y ' ' & 
'V1 l fll '.i 'lf fll '.i 'V1 ~ bltl 'lJ ~ 1 tl'U tl 1,j '1 apple shoot propagation ~ 1 ti f1 t 11 'U 'U 'V1 ~ bltl1J l'l 'IJ 17 'IJ.:! 'lJ tl fl o.:i 

1u11urni-:iflri11mmtff1J 

1/j 91, i "'191"' o ., 91 91 ,I ., ., "'"' 
Flynn (2009) l~un~fl\91 'lf\911111J'U GLMs ff1'11'.i1J'llell,j'1~7'Uu'.itfl'Ufltl (insurance) 'VllJ 

'11'U1'Ufll'.il1t1flff'U l'11lJ (claim) l~'Uft''UV'1l'U1'UlJlfl 1~t11ii111'lJ'lJ ZIP 11'1t ZJNB 1~t1 .. 
~ bllJ ~blllJ fl 11 lJ ~~ '11 ~'W lJ 1 fl~ lJ 1 u4 U 11 'IJ 'lJ 'U 'lJ G LM ~ -:i 1 u 'Vl 7.:! 'U 0'U~ tl 1 'il 'ilt bl llJ l '.i O 'U 1 'U 'U J-:i 

1 'U II 'U1J ~ m mt bllJlrn ti~ lJ 'U ';j t ff'Vl liflll'l 'll t),:j i 111 U'IJ '11'10.:! fl n 1 ii 111 'lJ'lJ ZIP '111 tl ZJNB 
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1H' 1J'UJ '1 I! 1J1JII 1J 1J,J 1irt1-:i~ii j l'W i ell.J'1f11J '1.h t fl'W (insurance database) Vl1J 11\911111J1JY1'-:i irn-:i l tt' 
f11J'UJtlJ1W lflfJJ1l.J~f111\911111J1J~ 1iiiiil l'Wim.rnmJ 'UJt f1'W (non-insurance database) 

.. <u 

Bodhisuwan, W. (2011) 'Vi 'fll'Wlf11Jl!'ilf1!Hl-:J Zero inflated Waring (ZIW) ivl ell il'W mm~ 1Jlfl 

if mJwtmJu 'ilnu 'il-:ii m .1 '1t;-:i1.T 1J11'1~UJtfln; f11J'W 1Jn 1J ,1 l'W 1'W eiillh 1-1~ l'Wmt1J1'Wf11J r-1~~~-:ivi1J11 <u q q q 

Pudprommarat et al. (2012) 'W'fll'W l\911111J1J r-l'fflfi~ l11Nf11rn'ilf111 'il-:J'V11'W ll.J'11Jll'1t f11J 

II 'i)f)I! 'il-:Jul9i'1wncu1 Vll'W'Wl;fl l;ll!l;lt'W 1 l U'l.htein;l ~ 'W f)U 1lfl1 l t 'H'11'W 1'W eJ'lWll l1~Vl1J1lfl1J II 'il f) • • • 
d Q./ ~ d,. I .Q, .Q, I _Cf' .Q, 

U'il-:J'Vll'l'fll'W 1'\J'W l.JlJ J ~ fl'Y11i flll'l fl -:Jf) 11 f11 J II 'ilf1ll 'il '1 lJ 1CJ5-:J 11'1~ f11 J II 'il f)U 'il -:J'YI 1 'W ll.J '11J 'il lf)f-1'1 
<u 

f11J~mll'\JeJ-:J Vl1J11'illf1f11J lii ell.J'1'il1-:Jl~fl1f11J'1 l'W 1'W ei'lwim~ (accident) f11J II 'ilf111 'il-:Jfl-:Jf)~ 11ii 
<u • • 

,J J t ff'Vl ~ f11Vl~ f111 f) lJ U 'il f1 11 'il-:JiJ 1CJ5'1U'1t fllJ U 'ilf111 'il '1 'Vl 1'W ll.J '11J 

.Qd o ~ ~v 
11im&'U'U m 11ill'J 

nu i ~mil'W f)l'j'W'fll'W l'Vlt]El~mit~mJ lfJW 'ffl.J'IW1l;-:Jfl1ll.J'U l'il t lil'W '\Jel-:J fll'j U 'i)f)I! 'il-:J NB­

NWL nl.ll'l'-:i fll 1 'Vlfl mM 1 fl ei l tl'Vlfl'W fl fl11 i 1 '1 ei-:i~ 1flfl ei l.lvhi~ eif tfl eiij J'W ~eJ'W mH111 ii 'W ni J 

" .c:i, a., OJ d 

1'ilfl fl-:J'W 

1. fl11'W'fll'Wlf11JU'ilf111'il-:J NB-NWL 11'1t HNB-NWL 

2. f)l'j~f)fllfJW'ffl.J1J~l;-:Jfl1ll.J'Ul'iltlilmimf1Jmrn'ilf1U'il-:J NB-NWL 11'1t HNB-NWL 

3. f11Jfl11'1\911UUJril.J NB-NWL 11'1~ HNB-NWL . 
& ad ,. I I .Q, o' 

4. f1Urlf1El111ifllJUJ~l.J1Wflll'lUll.Jl~eJJ'\Jel-:JfllJl!'ilf1U'il-:J NB-NWL U'1~ HNB-NWL 

~1ein m1tu1'ilttil'W ff-:Jfffl 1flei l tnfllJ '17'1eJ-:Jffm'W fllrnr 
<u • 

- 1 ""191 l "' "' 91 
"'., 5. fl1Ju1 t flf1~ 'l5f11JU'ilf1U'il-:J NB-NWL U'1~ HNB-NWL 'Wfl1J1lml~l1'\Jell.J'1!'15-:J'W1J 

• <u 

I. fl11~i;ll'Ulfl11Uilfl!!il.:.I NB-NWL 
., .. 1 .el o' d'j/ 

Vl'fll'Wlfllrn'ilf111'il-:J NB-NWL flflfll'jf.lfll.J 2 mrn'ilf1U'il-:J i'lel mrn'ilf1U'il-:Jl1JelJ 'W'1'1fl1fl 
<u 

Q d' .Q, .Q, o' " ' ~ Q.1 1 1 91 .Q, o' 1 
Vll J ll.Jl~eJJ ¢ 11'1tfllrn'ilrnl'il-:J'V11'Wll.J'11J-'1'Wflrnflm-:J'Wll1'Wf) 'Hl.J fl1fll'l1Jll.Jl~e)J r ,a, b flfl 

.d tla., I d \rt~ I CV:, \JJV o'a., 
'Vlvf-:Jf1'15'Wfl11l.J'Wl'ilt lU'W'\JeJ-:Jf11rn'ilf111'il-:J NB-NWL !flllf1 f(x;r , a , b) fl-:J'WWlt 1f1vf-:Jf1'15'Wfl1ll.J 

' d Qle% 

'Wl'il~!U'W (pmf) '\JeJ-:Jfllrn'ilf111'il-:J NB-NWL fl-:J'W 

h(x ) = ( r + x - l) I ( x) (- l)J b
2

( 1 + a)2 ( b +r + l + I _ b + ab + r + l + I ), 
x J=O J ab( l + a ) +a(2 +a) (b + r + 1)2 (b +ab +r+ 1)2 
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q o 1 ~ .~ " ., ' ~I "" 
'Ylt]'tJ{)'U'YI 8 f11'11 '1H1 '11 X ~ NB-N WL(r,a,b). TI.:Jf1'15'Uf1'JllJ'Wl'll t 11J'U'IJ'el .:J X ~ 'el 

f(x ;r,a,b) = ( r +x - l) f ( x) (- 1)1 b2(1 + a)2 ( b +r + j + I 
x J=o j ab(1 +a) + a(2 +a) (b +r + j)

2 

b + ab + r + j + I ) ----=---2 , x = 0,1,2, ... 
(b +ab +r + j) 

1~()~ a 1rnt b > 0. 

"' d~ I ) ~ d 'Yii1l'U m X ,1, ~ NB(r, p = exp(- ,1,)) U"t A~ NWL(a , ,8) , mn pmf'IJ'el.:J X ffllJl'HH'IJ(J'U 

onrn(J1ll~(J 

"' 
f(x) = J J; (xi ,1,)g(,1,;a, ,B)dJ, where J; (xi ,1,) is express as 

0 

(
r + x - 1) 

J;(x !J) = x exp(- Jr)(l - exp( -J)f , 

(r + X - lJ -' (XJ . = L . (-1)1 exp(- ,1,(r + })). 
X 1=0 j 

"' 
Ul'l'UillJf11'J J;(xl l ) 1u /(x ) = f J; (x! J )g(J;a, ,B)dJ, uii'1 'llt1~ 

0 

(r + X - lJ x (XJ . ("' J f(x) = x ~ j (- 1)1 I exp(-l(r+ j))g(1t ; a , f])d1t , 

= L . (-1)' M ;. (- (r + })). (
r + x - 1] x (x] • 

~ 1 =0 } 

' -~ .. ., ' 0 "' 1 .. 1 ~ II\ ~ Ul'l'Uft1TI.:Jf1'15'Uf1'e)f11l'U~ lJllJ'U1t'IJ'e).:Jf11'jU'i)f1U'i).:J WL 'UillJf11rnl 'UlJ'U'i) t t~ pmf'IJ 'e) .:J 
,, 

f11'JU'llf1U'll.:J NB-NWL(r, a ,,B) i .:ii'.1 

f (x ;r,a, ,B) = ( r + x - l) f (x) (- 1)1 ,82(1 +a)2 {,B + r + j + I - ,8(1 + a) + r + j + I}· 
x J=o j a,8(1 + a) +a(2+ a) (,B + r + j)2 [,8(1 +a)+r + J]2 
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1tlm'W~ 9 wH1-:im 1Yl 'U o-:i-w-H1i1.H11l :1J 'W l'il :::t~'\.J 'U t1 -:im1 u 'il mt'il-:J NB-NWL ri11-d'1J 

~ 
0 
c:i 

~ N 
0 -
c:i 

"' 

r =1, u. =10, 13 =0.1 

~ - llltt11,,,,,, . .................................... . 
0 I I I I I I 

0 

::. 0 

0 
0 -
c:i 

0 10 20 30 40 50 

X 

r =1 , a.=0.5, 13=10 

11, .............................................. . 
I I I 

0 10 20 30 40 EO 

X 

r = 1, a, =O .1, 13 = 1 

~ : ll]Jl!nnnnmm, ............................. . 
0 I 

0 10 20 30 40 so 

X 

r =1, a =2, 13=1 

~ _,--------------~ 
0 

X o 
:.=- 0 

, 1111,rt,nt,,,,,,, .............................. . 

~ 

0 
0 
c:i I I I I I I 

0 10 20 30 40 so 

X 

r =1, Cl =5, l3 =1 

~---------------~ 
c:i 

-

l1111t,,t,,,,, .................................. . 
7 -1 I I 

0 10 20 30 so 

X 

r=1, ct.=0.1, 13=5 

.., 
c:i 

2 "l -

: : l, t . . ............................... ............. . 
0 -, I T I I 

10 20 30 40 so 

X 

~ ~~ I Q 

3tJmTITI 9 mr~-:im1Yl'Uo-:i-w-:in'b'tJ'fl17:1JtJ1'il:::1tltJ'Uo-:im 1u'ilnu'il-:i NB-NWL 

2. fll'lfftnflflWtfilllil!;-:Jfl 'JUJ'l-llil::ail'I-HYl't'i11Jfll1!mflUM NB-N W L • 
fff1El7~1LQ ~tlU'1::: f'l17:IJU'Ul'U l 1'\.J'U tl-:Jfll l U 'ilflU 'il-:J NB-NWL 'il l fl'W-:Jf1'11'\.Jfl 17:IJ'W 7'il :::t~'\.J 

'U ti-:imrn 'ilflU'il-:J f (x; </J, r , a, b, c ) \ol'1 tl~'il'\.Jfffl'in1UU U1Jf171 m ::: 'il1t1i1'll t1 -:JflUU'ilflU'il-:J NB-
"' 

NWL irlon7l'i'\.J~~7U7s1~71M'W717i1!\ol tln'\.Jf17rn'ilf1U'il-:J 
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11 v - I ' 3. fll'Hl';iNv11Uu':HliJ NB-NWL • 
nf1-:ii1mhrilJ NB-NWL 1~viifnrnf 1-:ii1UU ':ifflJ11J'e.l!'U'1~i1lJn1Jf11':ifff1-:ii1utl':i . . ~ 

' ,, ,, 
fflJ NWL 1~v'Vi,1~nmu~"1'uirnunnnf 1-:ii1utl':irilJ NB-NWL i-:i-w . . 

1. f11'11'U~fl1 71JtJ7'1~l~'U~lfl~ structural zeros l'Yllf11J ¢ U'1~ (1 - ¢) l~'Ufl17lJtJ7'1~ 

l~'U~lfl~fffll1~f17':iU'1fill'1-:J NB-NWL 

2. nf1-:ii1utlnjlJ Y '1lfif17':iU'1nll'1-:J NB-NWL, Y - NB- NWL(r,a,b,c) 

3. nf1-:ii1utl':iri1J u ,11nm':ill'1m1,1-:iv-wvl'tl!:1J (0,1), u - U(O, I) . ~ 

'J) A, 9/Gj'J/o . _,,.,j o Gj'J/ 
4. m u > 'f U'11 i11m 11u~ X = Y murnw1 nl'l1'W~ i11_x = o 

~ ~.c:f, - I ' ..:::). d " ~.c:f, I ~ · 4. fll ';i ft fllffJfi fll ';itJ ';i~'JJlWfl l 't'i l';i liJ!vl tl ';i 'U tl-:1 fll ';i !hl fllli -:1 NB-NWL vi 1U11i .fll1~U li~ !tJU 

tr-:itrvi 1viu1~1inn11urn-:itrmum1w ... . 
QJ I jJ 'JI . 'J) .Q o'd O IJ'I j/ d 

\ol1'e.ltJl-:l'IJO:IJM~t'lnff':i7-:J'17nm':il!'1flU'1-:J NB-NWL ~1tJ'W7':i l lJ!\ol'e.l':i 'Yl f17'11'U~ t 1 4 mw 
~ ~ 

1. r = 5, a = 3, b = 3, c = 3 

2. r = 5, a = I 0, b = 5, c = 3 

3. r = 5, a = I 0, b = 3, c = 3 

4. r = I 0, a = I 0, p = 3, c = 3 

' d ,Q c( ,.. I 500 ,.. d ,.. d I "' I 
fl7 U ':i~:IJ7W!Q'1tJ'IJO-:J'W l ':illJ!\ol'e.l':i 0 : 0(/ V = --L 0, (!:!JO 0, flO fl11.1':i~:IJ1W'IJ'e.l-:J 

500 r= I 

'Wl':ilUl\olOf 0 ':i'O'IJ~ t 1~t1~ t = I, 2, ... , 500 ) 

~llO'Ul;tJ-:J (Bias) : B ias({t) = 0"', - 0 

A 1 500 A A 

fl171Jl!U ':iU':i1'U (Variance): Var(0"J = --"" 
1 
(0, - 0"'.)2 

500 - I L., ,= 

ff1'Ul~tJ-:1!1J'UlJl\ol':ij11'U (Standard Deviation: SD): S0(00.,) = .Jvar(B". ) 
' ' 

fl17:1Jfl"7mfl~'e.l'Ufl7"'-:lff'e.J-:IIQ~tJ (Mean Squared Error : MSE): MSE(00., ) = Var(l~0. ) 

+Bias2 (0"',) 

_I d<p 1 1 ~ d'IJ ~ v 
5. fll ';itJ';i~Uflvl g'lffll ';i l!ifllli -:1 NB-NWL Ufll';i1!fl';i l ~l'l'UfliJij!'lf-:IU 'U . ... 

m ':it1n m1;-:i,J ':i ~ vn~ ,1~ 1 i-u'o1J M 1 -nTuflo i 1u 1'U'IJ 'tl-:1 ~1ht11 'U '\Jo-:i 1 H'WtJ71J 7'11 'U . ~ ~ 

' ,, 
ff'11 i' j10t1J1 m'Vim~i-:iu~ 66 ti (Flynn, 2009) 1~tJ'Yllf17':i 1m vrn'Vi t11J U ':i ~~'Yl lim-w t 'W fl7':il1 7~7 
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fll~'\11.:J';i ::; '\111.:Jfll '.i l!'ilfill'iM ZIP, ZINB w;,::; NB-NWL mwcn'~ti1~tl fl \?l'J1!1.J1.Jftl'l1f 1.Jfll'.ifffl'lfl 

d ~ V 
fltl AIC (Akaike information criteria) m i::; BIC (Bayesian information criteria) mi::; i'b'fll'.i'Vl~fftl1.J 

fflJ1foU'Vl~ (goodness of fit test: Anderson-Darling test statistic) l~tl'Vllfll'.i'Vl~fftl1.J11~fllrn'iln 

U'il.:Ji.:i~fll~'l11.:J'l1~ tl llJ 

~ 

~ 

~ 
>-
~ ~ Q) 
:::, 
er 
~ ~ LL 

§ 

:,: 

i I l I i i T T • T . • T • • • • • • • • • • • • • T 

0 2 4 6 0 10 12 14 16 18 20 22 24 2 6 20 30 

Number of Hospital ization 

i lJ fll '.i l'il tl'fl f .:itl ii 1\91Q1h::; ff .:i fll ~ m-f WJ'Ulfll'.i II 'ilfll!'il.:J Negative Binomial - New Weighted 

Lindley Distribution (NB-NWL) 11'1::;fllrn'ilfll!'il.:J Hurde! Negative Binomial - New Weighted Lindley 

Distribution (HNB-NWL) \91'1tl~'illJfffl'l:llfJW fflJ'!J~ 1;.:i 'fl 'JllJ'W 1 'il ::;1 ~lJ l'lJlJ ~ 1m ~ ti 1rn::;'fl 'JllJ 

11i.Jnh 1lJ lJ tlfl'illntl5.:ifffl'l;j 11nnn,J'.i::; mw ~l'Vn'.i 1ih\9lt1f 'lrn.:imrn'ilfll!'il.:J NB-NWL 11'1 ::; 

V """" ' ? I • I "'1 V '1 "" o' HNB-NWL ~'Jtl'Jlifil'J::; lJ1'iJ::;11JlJt1'.:J'ey~ 1rn::;1J';i::; ~fl\91 'b'fll'.il!'ilfll!'iM NB-NWL lJfll'.i'Jl'fl'.il::; '11 
,, 

'li'm.J"i;.:ii!u 1~t1~'1m11,1vi'.ii.:i\Plt11,Jl1 

1. fll'.il!'il flll'il.:J NB-NWL 

2. m1fff 1.:i1?11ui.Jn 1mrn.:im111,:in11,:i.:i NB-NWL 
q 

nl ' ~ ~ 
3. fll'.ilJ'.i ::;lJlW'fll'Wl'.illJl\9ltl'.i 

& 0 " 

4. fll'.ifffl'lfl'ill'1t1.:iffmiJm1 w 

& "" . I " 5. fll'.ifffl'l;Jll'b'.:J1J'.i::;t1n\91 
q 
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1. t1l 'HlilflUil.:i N B-NWL 

ff),Jf.l'il t\J l!Ll''W tlf17l U 'ilf1U 'iM NB-NWL ~ ..:ittl'W f1111.J 7Ll'tl..:J f17l U 'ilf1U 'il..:JJJl i::-lLl'lJfl'U l~Ufi 

rnrn 'il flU 'il ..:J !'UtJf 'W"~ (Bernoulli ) Lrntrn1 u 'ilf)!! 'il..:J'V11'UllJ"'U-~'W;mvci 1..:i,.h1,n! n l l'!lJ (NB-BE) 
"' 

<!I .'.'I' _,.., , ~ I 
'illflfllH l'fl'hll '\Jtl ..:J Pudprommarat et al. (2012) TI..:Jfl'lf'Wfl l l lJ'Ul'ilt!u 'W (probability mass function : 

pmf) m 1d'.ifJW "flf!Wt~ffl flty'\Jtl..:J fll l u 'ilflU 'il..:J'V11'W llJ'1 'U-~U;mrrci1..:iJ 1'1-11! f1 l l1lJU Ll'\ol..:J i fi..:i'U'Vl 
., ., 

u a111 2.4 irnt'Vl\Jll~'U'Vl 4.2 \>11m11i1J i..:ii!'W'ilti~m1u'ilflU'il..:J NB-NWL i..:iil 

'l.J'Yl'tttJUJ s liri1m.hey11 X nnnU'ilflU'il ..:J Negative Binomial-New Weighted L indley (NB-NWL) 

'ii "' <I .'.'I' <I.., , ~I liJ 'ii , 
\oll f.Jv-lllllJL\>ltll ¢, r , a,b U'1t c TI..:Jf1'lf'Wfll l lJ'Ul'ilt!u'W'\Jtl..:Jfl71U'ilflU'il..:J N B -NWL t\PIUfl 

h(x)=( r +x - l ) t (~) (- l)J b
2
(1+ a)2 (b+r+ j + l _ b+ab+r+ j+ l J, 

x J=O J ab(l +a)+a(2 + a) (b + r+ J/ (b + ab + r + J/ 

"' !lJtl r,a ,b > 0 

r =1 , Cl. =10, 13 =0.1 r =1 , Cl. =2, 13 =1 

!;l -
0 

c!i 
x 0 

~ 
0 

-=- "' "" 

l ll]lllTTTTTn"•••••••••••••••••••••• ............ 

0 
0 

0 

s ll11, 11, , , ,11••••• ••••••••••••••••........•..•. . •.. s 
0 0 l T T T T 

0 10 20 30 40 so 0 10 20 30 40 so 

X X 

r =1 , Cl. =0.5, 13 =10 r =1 , a =5, 13 =1 

1<l 
ci 

0 

::. ci 

11 ................................................ 

x 0 

-=- 0 

]111111,,,, •••................................... s s 
0 0 

0 10 20 30 •o 50 0 10 20 30 •o 50 

X X 

r =1 , o. =0.1, 13 = 1 r =1, Cl. =0.1, 13 =5 

" -
0 

1111) illnuurn,m ............................. 

0 

x c:i ::. -
-=- "' -

11, ............................................... 
0 

s 0 

0 c:i I 

0 10 20 30 40 so 0 10 20 30 40 so 

X X 

_ I ..; .'.'I' _,.., , ? I 
JUill'Yi'YI 11 TI..:Jfl'lf'Wflll lJ'Ul'iltLuU'\JtJ..:Jfll lU'ilflU'il..:J N B-NWL 
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J'Ufil'Yi~ 11 U~fl~ f1'.i l'W'IJt1-:rvf~fl'lf'Ufl1 1lJ'Wl'i1~l~'U'IJ tl -rnlrn'i1 f1 H'iM NB-NWL ihnf'U 

~l'YiUllJl~tJ! r , a, b ~fll'n'Ufl B' ~ ~'Yi'U11f111 U'i1f1U'i) ~'i) ~ '\1'WlU'W'U 'i) ~n i i.J1 1~ (shape) U~f1~1~ 

nu 1rlt1'Yin1iJ1~ t1 f r m i~ a t'U~t'J'U l 'U 

' ., 
t'Vl 1 f1'U 

2, Yar(X) = (I - ¢) ((r2 + r)B ( b - 3- ,a)- (2r2 +r)B ( b - \a)+ r 2B(a,b)) 
B(a,b) c c 

- (~}

2 

( rB (b - ~ ,a)- rB(a,b)}

2 

B(a,b) c 

• I 
lijtl b > -

C 

~ i'\l'tt cl'1 X ~ N 8-NWL(r , a, b) U~1~1fl l f1'111~ (Expected) '1J tl~i 1U'UHJ'l.l X ij~ll'Vl l f1'U 

B(b 
r +j ) +-- a 

"' 
00 r +x - 1 x x ' 

E(X ) = I xg(x) = I x (l - ¢) ( ) I ( ,) (- 1)1 c 
x=O x=I X J=O J B(a,b) 

B(a,b) 

fl1 1lJU'U 1'U11l-.l'IJ tl~i1U'U1fflJ X ij~ l l'Vllf11J . 

B(b 
r+j ) +-- a 

00 r +x - 1 x x ' 
= Ix2 

(1- ¢)( )I( ,)(- IY c 
x=I X J=O J B(a,b) 

B b 
r + j 

+-- a 
"' r + x - 1 x x ' 

- ~ x (l - ;i( x )~(J-1)' ( B(a,:) l 
[ ]

2 
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Var(X) = ( I - ¢) ( (r2 + r)B ( b _ 3.,a) - (2r2 + r)B ( b - _!_, a )+ r 2 B(a,b)) 
B(a,b) c c 

-( l - ¢ ]

2 (r B(b-\a)-rB(a,b))

2 

B(a,b) c 

SJ v - I ' l.1 fll'H T':iHffJUu 'HJil'Ut>-:Jfll'H!{lflH{l-:J NB-NWL 

f11'J"1r1.:ii1uiJ 1eylJ'\Jt1-:J f11 'Hl1lfHHl -:J NB-NWL (Random Generation ofNB-NWL 

Distribution) hm11"1h:i (Generate) i111iJ1eylJ X 'il7f1 X - N B-NWL(r,a,b) mm1t1"1r1.:i~11lJ 
,, ,, 

'U'UIPltl'U~tl lDU 
y ~ . .1 ~ 

1) "1H:J u 'il7f1f1711!'ilf1!l'il-:J~'WTitlrn (Uniform Distribution : U(O, l )) 

2) "1r1.:i k 'il7f1f17rn'il f1U'il-:J NWL 

• ly I l d 
3) f11'11'Ufl '11 ,1, = - - log(- k + l) fltl'VI ,1, ~ BE(a,b,c) . 

C 

y 
4) "117-:J Y 'il7f1f17rn'il f1U'il-:J N B(r,p = exp(- ,1,)) 

5) "1r1.:i u * 'i11f1!l'il f1U'il-:Jtri}vh:iflJ (Uniform Distribution: U(O, l )) ., 

Y Y , YO "' "' 0 , Y 
6) m u' > ¢ mn '11f11'11'Wfl x = Y murnw1 f17'11'Wfl '11 x = o 
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- t ' t:l ' 1.2 fl1';i1J';i~llltl.!ftl'Yil';iUJ!\>10';i 

fll'.i'U'.i:::mw~1~n7"!11tJf (Parameter Estimation) 'Utlslfll'.iU'ilfHl'ilsl NB-NWL 'il~li'n 

1 "'.'.'I' o'., 
MLE (Maximum Likelihood Estimation) ~H.l'VlTislfl'lf'U likelihood 'U'fM NB-NW, X ~ NB-NWL(r,a,b) 
cl I I QI 

lJ'rlll'Vllfl'l.J 

" 
L = L(0,r,a,b,c) = TI 

/ • I 

n 

= TI 
1=1 

I (x,=0) 

( r ) B b+- ,a 
¢+(! - ¢) C 

B(a,b) 

fj/ d c/Q/ lJ)j.l QJ~ 

11"11'.ililllJl'.itll'Utl'U'Wslfl'lfU log likelihood 'Utlsl NB-NWL(¢,r, a,b,c) t~Wlsl'U 

log L = L l (x;=O) log ¢ + (1- ¢)---- + l cx,>O) ( log(I - ¢) + logf(r + x,) " [ ( B(b +r l c,a)) 
,= 1 B(a,b) 

( r + j ) ] ] 
B b+ - ,a 

- logf(x; +1) - logf(r) + logf (~)(- l)i c 
i=O J B(a,b) 

0 QJ QJ o' ... ~ " QI "I jl 
'1'1'11'.i'U'0'4~'U1i (Differentiating) 'Utl'1TI'1fl'lf'U Log Likelihood 'U 'fM NB-NWL 1'.il'il::: tfl 

Partial Derivatives 'Utlsl'Wsl fi'lf'U Log Likelihood irlm-ntl'l.Jfi'l.J r,a ,b i-:itl 

~ log L = I [1(x; =O) ~ log(¢+ (1- ¢ ) -B-'-( b_+_r _l c_, a-'-) l 
or i = I or B(a,b) 

+ I <x, >O) (lf/(r + X; ) - lf/(r) + a_ log f (~J(-1}1 _B_( b_+_(r_+_;_") _I c_,a_)l] irlD vr(s) = _r'(_s) 
01 J=O J B(a,b) f(s) 

_a 10 L = {,[I _a lo ( "' +(l - "') B(b+r I c,a)J 
oa g f;J <x,=o) oa g ir ir B(a,b) · 

+I,,,,o, (-:a log t(~ )c- 1)1 _B_(b_+_i -~:-,~-·;-/ c_,a_) J l 
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- lo L = I - lo + l -
0 11 

[ 0 ( B(b+r / c,a) J 
ob g ~ (x; :O) ob g ¢ ( ¢) B(a,b) 

( 
a Lx (x] J B(b+(r+ j) / c,a) J] +I - log (- 1) 

(X; >O) ab j :O j B(a,b) , 

\IJ !ii I - I ,, o' 1 C> d !ii 
117'il::: t'flfllu1::::IJ 7W'IJO~'Wl17:IJ!l>l01 r, a, b 'flf.J11i Numerical0ptimization'fl1f.J 

W~fli''I-.I optim 1'1-.1 hh1lflrn R (R Core Team, 20 12). 

d o d 
1. 3 m 1 ft n 't:I , m il a .:i 1;T o nm n w 

,el O d' a,, l 'j/ j/ 

fllj fff1'1fl'il mo~ \;1'tll 'I-.I f111W (Simulation Study) 'illf11>110f.Jl~'U 0l_!l;1 'il:::~f11;1'j l~'illf1fllj 

'J/ Q d'd O ll] 'J) d \I) 'J) I 

U'ilf111'il~ NB-NWL 'fl1fJ'Wl1llJl\9101'Vlf17'11'1-.!'fl n 4 mw tfll!f) 

1. r = 5, a =3, b = 3 

2. r = 5, a = 10, b =5 

3. r = 5, a = 10, b = 3 

4. r = 10, a = 10, b = 3 

U~1U~l;1:::f1HU'il:::li'li''ll'l-.llfl\9110Vl~ (Sample Sizes: n) !'Vllf1'1.J 20, 50, 1001rn::: 200 

1>11:1Jrl1iu l'l-.!11~l;1::;1;Ym'l-.lm1w'il:::vi'1mnh:::mwft1J150010'1.J 'illf1J:-lj;jflljflf1'1:Jl"W'l..l17n MLE 

'iJdhJnil'Vlllfll'W\;1' ~1rlo'IJ'l-.l l'fl\9110VH 1 mu 1rn:::'ildhh:::il'Vlllfll'W~l!rio'IJ'l-.l l'fl\9110Vl~!~f) 1rn::: ., u 

1ri'e)~'i)ljf,Ulftl M SE 'W'IJ1l'il:::iiftl!~:1Jt'l-.llri'e)'IJ'l-.ll'fl~'flri1'1-.!'IJ'e)~ff'l-.lfJiMt'l-.l'il:::i~nJm"W~ 12 - 15 ., ., ., 
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I\ I\ 
(r=5, a=3, b=3, c=3, <j> =0.2) q> (r=5, a=3, b=3, c=3, <j> =0.2) r 

~ 0 
0 

0 I'-

(0 
0 

0 
0 
<O 

0 
0 

~ 

"' 0 0 
0 0 

w w V 

en en 
2 2 0 a 0 

"' 0 

8 
N 

N 
0 
0 

~ 
0 
0 0 
0 

20 50 100 200 20 50 100 200 

Sample size (n) Sample size (n) 

I\ 
a (r=5, a=3, b=3, c=3, <j> =0.2) 

I\ 

b (r=5, a=3, b=3, c=3, <j> =0.2) 

~ 8 
"' 

§ g 
N 

8 
"' ~ 
0 
0 

w V w 0 en en ~ 2 
8 2 

"' 
~ 

0 

~ 

0 
~ 

g 

0 0 

20 50 100 200 20 50 100 200 

Sample size (n) Sample size (n) 

I\ 
(r=5, a=3, b=3, c=3, <j> =0.2) C 

~ 

0 

"' N 

~ 
w 

~ en 
2 

8 

0 

"' 

0 

20 50 100 200 

Sample s,ze (n) 

' ' -• .,. ' "' 'hJ.fll't'f'YI 12 fll MSE 1:1.HJ X ~ NB-NWL(r,a, b) = 5,3, 3 .. 
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I\ 

$ (r=5, a=3, b=3, c=3, $ =0.4) ? (r=5 1 a=3, b=3, c=3, 4> =0.4) 

~ 
0 

g 

(X) 
0 

0 
0 
<O 

0 

§ 
:g 
0 

UJ 
Cf) 

8 
UJ " Cf) 

::. 
~ 

::. 0 
0 

"' 0 

0 
0 
N 

N 
C> 
0 0 

~ 

8 0 
0 

20 50 100 200 20 50 100 200 

Sample size (n) Sample size (n) 

~ (r=5, a=3, b=3, c=3, $ =0.4) 
I\ 

b (r=5, a=3, b=3, c=3, $ =0.4) 

0 

R 
0 
0 ,., 

8 
<D :;: 

N 

§ 0 
0 
N 

8 
UJ " UJ 0 
Cf) Cf) 

~ ::. 0 :;; 
0 
<'> 

8 
N 

§ 

§ :;: 

0 0 

20 50 100 200 20 50 100 200 

Sample size (n) Sample size (n) 

I\ 
(r=5, a=3, b=3, c=3, $ =0.4) C 

~ 

1il 
N 

8 
N 

UJ 
Cf) 

::. 
1il 

§ 

1il 

0 

20 50 100 200 

Sample size (n) 

' ' 
ti "" ' "' 'I fll'f01 13 fll MSE !lJeJ X - NB-NWL(r,a,b) = 5, 10,5 .. 
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I\ I\ 
(r=5, a=3, b=3, c=3, 4> =0.6) 4> (r=5, a=3, b=3, c=3, 4> =0.6) r 

~ § 
0 

(X) g 0 
0 (X) 

"' 0 
0 0 
0 CD 

UJ UJ 
(/) (/) 

:. :. 
;g 8 
0 .,. 

N 

~ 0 
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g 0 
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Sample s,ze (n) Sample s,ze (n) 

I\ 
a (r=5, a=3, b=3, c=3, 4> =0.6) 

I\ 

b (r=5, a=3, b=3, c=3, 4> =0.6) 

~ § 

§ 
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8 ,, 
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I\ 
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:. 
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§ 
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20 50 100 200 

Sample size (n) 

' ' -• "' ' ... JtJ.fll'Yft1 14 fl l MSE tml X - NB-NWL(r, a , b) = 5, 10,3 
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I\ I\ 
(r=5, a=10, b=5, c=3, qi =0.2) qi (r=5, a=10, b=5, c=3, (j> =0.2) r 

"' 0 
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"' 0 
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"' 
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<ei "" _I d 
1.4 m ·rn m,n 1 ,i .:iu 1::: mw1 • 

fll'.i~flirni-nJ'.i:::~fl; (Application study) Vl'l.J17 'illfl~l'.iN~ 4.1 mY~.:Jflltl'.i:::mw 

'Vi7'.i1i11~t1fm1:::fl1m~V11.:i~'111l;'illflfllrn'ilm1'il.:i ZrP ZINB mi::: NB-NWL lflWCl'l~ii1~t1fli1 

0 QI ~ ~ 

11 'IJ 'l.Hl'l '11 '.i 'IJ fl 7 Hl'fl 1'J 7 fl ti AlC (Akaike information criteria) llt'l::: BIC (Bayesian information 

criteria) II '1::: ii fl 7 '.i 'Yl ~ {1' ti 'IJ {1' 7 J 'lhY iJ 'Yl ~ (Goodness of Fit Test (Chi-Squared Test)) I~ ti 

Ill tl'IJI 'Vi tl'I.Jfl 7 iY .:i !fl~ (Observed Value) mi :::fl lfll ~ '\11.:J (Expected Value) '\J tl.:J 'IY tll.j '1 'il 7 fl i:-.t '1 

~ I d. I ~ I 

fl7'.iflfl1'J7'Vi'IJ17 fll'.iU'ilflll'il-:J NB-NWL lJfll AIC 11'1::: BIC 'Wtltlfl17fl7'.ill'ilflll'il-:J ZIP 1m::: ZINB 
' V 

i!m1 {1'~-:j 11'1YmJ'1'li~'Ufl 1 '.i I~ tlfl i ii111uu NB-NWL {l'tl~fl~tl-:Jfi'I.Jfllvi'll tl.:Jfll'.iU 'ilflll'il-:J NB-.. . 
NWL i'ifl7lJ7flfl17fl7'.iU'ilflll'il.:J ZIP m1::: ZINS i!'WU{1'~.:J17 fll'.ill'ilflll'il.:J NB-NWL i'lffllfll~'\11.:J 

' V 

'Viifl~l~tl-:Jfi'I.Jfllil-:Jlfl~'\Jtl-:J'!Ym.1"1'1i~'W lJ7flfl17fl7'.i 11 'ilflll 'il.:J ZIP 1rn::: ZINB 

; .. 1~~s . . , 1/~4 i, ,n:.:.oe 
' 

(Q 

0 

.., 
0 

l'; 

~ •7 u e C, 

u.. 

,., 
0 

0 
0 

0 2 4 6 8 

J'llillfi~ I 6 ~.:Jfl'lf'Wfl171J'W 7'il:::11l'W'\Jtl.:Jfl7'.i 11 'ilflll 'il.:J NB-NWL 1:Y7'11f 'I.Jfl7'Vi7'.i7lJl~tlf ~\]flf17'11'W~ 

i fu 1.:ifl1'\Jt1.:i'!Yt11J'1'il1-:i~i .rt 'W m'.iffflEJ 11i-:i'lh :::t1fl1>1 .. . 
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v11n~~ 1 ~1i .:i1fw1u'1~~1m~tt1.:i'Uti.:i ~l'U 1u~,Jrn l 'HHrntt 11u~1'li'1f 'Um1 fomi1~ .. 

h ~ vw 1 rn m 1'1m 1 . 
No. of No. of Expected value by filling distribution 

hospitalization cases Poisson NB NB·NWL 

0 35 261.2574 73.57 11 34.33 15 

275 449.3630 155.7058 189.0602 

2 357 386.4520 205.2514 171.5407 

3 249 22 1.5659 215.95 18 147.2508 

4 149 95.2733 198.48 13 124.3442 

5 77 32.7740 166.5815 104.7453 

6 53 9.3952 130.944 1 88.5 186 

7 50 2.3085 97.9537 75.2206 

8 35 0.4963 70.4826 64.33 IO 

9 32 0.0949 49. 1530 55.3816 

IO 16 0.0163 33.4063 47.9862 

II 15 0.0026 22.2195 4 1.8357 

12 8 0.0004 14.5100 36.6865 

13 15 0.0000 9.327 1 32.3472 

14 4 0.0000 5.9136 28.6669 

15 7 0.0000 3.7045 25.5265 

16 IO 0.0000 2.2959 22.83 IO 

17 6 0.0000 1.4095 20.5048 

18 7 0.0000 0.8579 I 8.4868 

19 5 0.0000 0.5182 16.7277 

20 7 0.0000 0.3108 15.1872 

21 2 0.0000 0.1853 13.8323 

22 5 0.0000 0.1 098 12.6358 

23 2 0.0000 0.0647 11.5752 

24 4 0.0000 0.0380 10.63 15 

25 2 0.0000 0.0222 9.7890 

26 2 0.0000 0.0129 9.0345 

27 2 0.0000 0.0075 8.3566 

28 4 0.0000 0.0043 7.7458 

29 3 0.0000 0.0025 7. 1940 

30+ 2 1 0.0000 0.0014 6.6942 

Total 1459 

Parameter estirnates ,i = 1.72 P = 4.07 P = 4. 15 

p = 0.48 a= o.s2 
fJ = 2.01 

log-likelihood • 1140.449 · 10 14.642 ·825.985 

K·S test 0.3 19 0.013 0.0 18 

p·value <0.00 1 0.086 0.572 
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2. fll'Hlil flUil-:J HNB-NWL 

u u 1m-:iu 'lJ 'Ufl mbl~mhrd'trn1111m 1t11i tll.l'1fl11 'W 'IJ~ t1m1 w11m1 'il-:J'U 1C)l-:J t1v1-:i i 1 ~ 
"' 

g., Q.I Q.I Q.I d'd gJ o=i. o=i. J d Q ,1 t 
\91 ll.J'\Jtll.j '1 fl 11 'W 'Ul.J fl 'il tu blfl-:J fl11 mt 'ill tl\911l.J 1flU'1ti!)''W tlllU ll 'il ':i -:JLflfl 'IJ 'W ll tll'il 'ilt Lflfll '11 l>Jfll ':i tU 'W 'W 

u~llJtj'lJ tt1 t1i!)''WV~1nfl 'illflfll':i 11J1nfl~'W'llt1-H'l119Jfl1HU Ju 'il 1-:i °7 l u 11 'il ~tl'u mn11 i 'll~fln 

Q.I Q 4 0 Q.I g,} 0 gJ Q.I 11} i/.c:l Q.I J ~ g,}n<lf 

'Vj~ 'W 1 Ill fl 'W fill VI L'1 ti fl ffl'l-11 'lJ fl 11 ff'j VIU 'lJ 'lJ 'il 1 mN 'IJ ti lJ '1 fl 11 'W 'lJ t fll.J fl11 tj ~ 'W 1'\J 'Wl'Vj ti Ufl u tU'l-11 
"' u 

.ct Ci 'j) Q Q Q G) I "l j/ J O Q.I Q.I d.c:1 ($' 

U'1tl'Vjtl t '11Lfl~'U1t ffll'!ifll'Vj t 'W fl11'U1tl.JltU f11 t~l.Jlfl'IJ'W ff7'111'1J\911U 'IJ'Ufllrn 'ilflU 'il-:J'Vll.Jff'iWl.Jlfl 

g(x) = (l-OJ)h(x), = l
2 {

OJ X = 0 

1-h(0) ,x ' , ... , 

1 ci .., 1 ci 11J , 4 .-~ 'l .­
fl till 1 - OJ fl ti ti fl1 ff'Vl tl.JLflflffWJ'IJ'W t 'WL'l-1\91 fll 1 tU "' . 

h(x) ~tlfl11U'ilf1U'il-:J~ff'Wi'ilU'1t 

h(O) ~t1mrn 'ilnu 'il-:J~ff'W l 'il1rlt11t1flL11\91fl11tu~iir1uv . "' 

"' 

'Ufl'UtlU J 9 t,ri1U'U1~l.J X iimrn'ilflU'il-:J Hurdle Negative Binomial - New Weighted Lindley 

(HNB-NWL) ~1t1mHWl\91tl1 X ~ HNB -NWL(r,a,b ,W), ii-w-:ini''Wfl1111'ilflll'il-:Jfl11l.J'Wl'iltl~'W 

'\Jtl-:J X~'eJ 

g(x) = 

OJ 

(l-OJ)(r+x-1Jt (xJ(- 1)1D(b+r+ J+l _ b+ab+r+ J+ l ] 
x J=O J (b+r+ Ji (b+ab+r+ Ji 

l - D(b+ab+r+ l _ b+r + l ] 
(b+ab+ri (b+ri 

• b2 (I+a)2 1~avi D = -----'----'--- 1rnt'Vj717ii1\91tl1 r,a,b > o, O < w < I . 
ab(l +a)+ a(2 +a) 

~ ~ 'jJ 

~ tU ffl.J'U\911 'IJ tl-:J\91'W 'IJ 'e)-:J fl11 II 'il flll 'il-:J 

1. g(x) ~ o lJfl~l'\Jtl-:J x 1mt g(x) ~ o 

00 

2. ~ g ( x) = I 'illf) 

x =O 

,x =0 

,x = 1,2,, .. 



I g(x) = I (w+(l - w) ~(x > ~) J 
x=O x=O 1 h(x - 0) 

. ( th(x 2:'. 0) - h(x = O)J 
= W + (1 _ lV) -'--x-_O ______ ~ 

1- h(x = 0) 

(t (r+ ;-l}xp(- Ar)(l - exp(- A) - 1)' - h(x = 0) J 
= lV + (1 - W) -'--'-'--x---=-0-------------- - ---'-

1- h(x = 0) 

(1 )
exp(- ,1,r)(l+(exp(- ,1,) - 1rr - h(x=0) 

=w+ - w ----='--"----'----'--____;_-=---'-...:.._---'--- -----'-----'-
1- h(x = 0) 

= w + (1-w) exp(- lr)exp(lr) - h(x = 0) 
1- h(x = 0) 

=w +(l- w) 

= l 
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fl l'Vi l'S ,ii l\?H) f ~ f)l'yj 'IHl ii' ~.:i'Vi1J 11 f)l 'j 11\l flll 'il .:i \l ~ 'l1'W 111 'W 'W 'il:dh ,J '.i Hll\?l fl\911.:i fi'U 1rl cl 
"' 

'Vil'S l lJl\?l cl f 11.J~ f.J'W I, 1.J 
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"" ~ . ~ ... ~ 0 "' kth "' • I O ... 

'UYl'UUUJ 10 fll X ~ HNB - NWL(r,a, b, w), TI.:Jf1TI 'WHJU~~f)ll'U~ '\J tl.:J\911 UlJ'HJ'll X flt) 

14(X) -----,-----1_- w ___ i>k ( r + x - lJ i(xJ (- 1)1 D( b + r + j \ 1 
l - D( b+ab+r+ I b+r+ l] x=I x J=O j (b +r +j) 

(b +ab +r)2 (b+r)2 

D = ab(I +a)+a(2 +a) for k = 1,2, .... 

b+ab +r + j + IJ 
(b +ab +r+ } )2 ' 



" . 
'U tlfHll f)'U ~ 71 \l ~ tlUt'lt fl 1 7lJU 'lh 'U J 1'U \Pl llJ ~ 7f1'1.J~tl 

E(X) = ( 1 -w)(r (¢1 - 1)) 

I- D ( b+ab +r + I b+r+ I)' 
(b+ab+r)2 (b+r)2 

(1-w)(r(r+ 1)¢2 -r (I + r¢1M) 
Var(X) = 

I _ D ( b + ab + r + I _ b + r + I ) • 
(b+ ab+ r)2 (b+r)2 

i 
.,; D b

2
(1+ a)2 "' b

2
(1 +a)2 {b - k+ l 

~tl'Yl = Ut'lt 'f'k = 
ab( l+a) +a(2 +a) ab(l +a)+a(2 +a) (b - k)2 

,,s O ,! 

2 .1 m 1 n mn m iH> .:i um um ·n.u 
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b(I +a) - k + 1} k = I 2 
[b(I +a) - k]2' ' ' 

& O c/ Q1l9,I g} 

fll'j fl'f1lll 'i17t'ltl.:Jfftll'U f171W (Simulation Study) 'i1lf1\9l1tltl7.:J'lltll.Jtl 'i1t \)f1ff17.:J'i17f1f171 

U'i1f1U'i1-:J HNB-NWL ;1tl'VnJ7lJI\Pltlf~n7'tt'U~ !19 mW l;Uf1 

cl & o cl QJ l 'j/ g/ 

~nwn 2 f17'j fl'f1lll'i17t'ltl.:Jfftll'U f17'jfil 'i17f1\P\1tltl7.:J'll tllJt'l 'i)t t)f)'ftJ 7.:J'i17f)f17'j U 'Of)U 'i).:j HNB-NWL ., ., 

Cases r a b (u 
E(X) V(X) 

1 1 3 0.8 0.2 16.97 2.86 

2 1 3 0.8 0.5 0.88 2.44 

3 1 3 0.8 0.8 2.48 1.24 

4 5 7 0.4 0.2 68.23 9.29 

5 5 7 0.4 0.5 42.65 7.44 

6 5 7 0.4 0.8 17.06 3.64 

7 8 4 0.3 0.2 32.34 10.32 

8 8 4 0.3 0.5 18.96 9.03 

9 8 4 0.3 0.8 15.59 4.65 
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-a- r 
· ·• ·· a 
_._ b 
·· • • • (0 
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sample size (n) 

case 6 

l-0 100 

sample size (n) 

case 9 
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·­..... ... .. . .. . .. .. ·:: · ··· -•-::-. •,l 
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sample size (n) 

"I'Uill'Yi~ 1s ri1m1J.J'flm~t'fl~O'Wl..ll\91'.iill'W'IJO•mwu'.itmwri1,nmnn.11mF1u'IJ'IJ'IJO.:Jm'.i 
~ ~ 

U'ilfHt'il.:J X ~ HNB - NWL(r, a,b, w). 

' "' li,/QJ ' cl ' d U\91'1ttl'.iW'ilt 'l5il~il1'W'IJO.:Jtf'Wt1 (Proportion of zero: OJ) 3 'fl7 'fie! 

li''ll'Wl~i1ovv1 (Sample Sizes: n) !'Vlln'IJ 20, 50, 100 U'1::: 200 \91llJi;ll~'IJ 

0.2, 0.5 U'1t 0.8 l~tl 

1 'WU~'1t il\ll'W f11'.iW 

'ilt'l'llf11'.i1htmwr11J1 500 '.iel'IJ ,nmrnm'.ifff11'll'Vi'IJ111n MLE 'ilti11htiY'Ylnfll'Vfey.:i1rlo'IJ'Wl~ 

i1orh.:i lnaj U'1t'ilt1J1htiY'Ylnm'ViJ11rlo'IJ'W 1~i1orJ1.:Jl~f1 U'1ttrlovi'ilnW lfll MSE 'Vi'IJ11'iltlJ 

'.J,J ,,i "' ' o' J li]V ci 
'fllt'VilJ 'IJ'WllJ O'IJ'Wl~ ii'~ il1'W 'IJ O.:Jff'W tlil .:J'IJ'W 'ilt ! ~ '.i 'Ufll'Vi'Yl 18 

" " " 
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.et "" - 1 d 
2.2 fll 'H'lfl'Ul!'ll -!1J l:::mw1 • 

c/ "' - 1 ,/ I .d ' -1 
f11 'Hlf11ll!'ll'-lu'.i :::~ tl\9l (Application study) 'W'l.J 17,Jl tl\9l7'.iN'Vl 3 !Hlfl-lfllu'.i ::: mw 

'Wl'.illJl\9lt1f1rn:::'fi1mfl'l11-1~'1111~,i7nm'.iWOtl!!,J-I HP, HNB, NB-NWL m i::: HNB-NBL hwij 
a1.d9 'JI ~ Q.I O Q.I di ~ 

I tl W CVI 'VJ t 'If rn t1 tl \9l 1 !I 'lJ 'lJ 1;l' 1 '11 '.i 'lJ tl1 Hl'tl 1l 1 fl t1 AIC (Akaike infonnation criteria) Im ::: BIC 

(Bayesian information criteria) m1:::'1im'.i'Vl~'i;l't1'1.JmJ'LI'i;Y'U'Vl~ (goodness of fit test (chi-squared 

test)) l~tl!llitl'l.J!'Vit1'1.J fl l il-iltl\9l (observed value) m1:::'fi7fl1~'111-I (expected value) '\Jtl-l'Utll.j'1,Jltl 

.c2 I d I 'J/ t 

~'1f11'.if!'tlm'W'l.J11 f11'.i!!,Jtl!!,J-I HNB-NBL llfll AIC 1rn::: BJC 'Wtltltl11f11'.i!!,J tlU,J-I HP, HNB, 
' ~ 

NB-NWL ,! 'WU 1;l'~-i 1l'Utlll '1'1l'~i'.j fl 1'.i I~ t1 tl iii 111 'l.J'l.J HNB-NBL 'i;l'tl~fl er eM tl'l.J 'fi 1-vi'IJeM mrn ,in ., q 

d I I J_, I 

11,1-1 HNB-NBL llfllllltltl11tl1'.iU,JtlU,J-! HP, HNB, NB-NWL 'W'W!!'i;l'~-111 tl1'.i!!,Jf1!!,J~ HNB-
' ~ 

NBL '111'fi1m~111~'Vi'1ncr1~t1~tl'l.Jfll il~!tl\9l'\JeM'UtllJ'1'1l'~i'.jlJ1tltl11tl1'.iU,Jtl!!,J~ HP, HNB trn::: NB-., q 

NWL 

I H'Wtll'l.J1'1'.i l'b''l.J 1 

No. of 

hospitalization 

0 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

q 

No. of 

cases 

35 

275 

357 

249 

149 

77 

53 

50 

35 

32 

16 

15 

8 

15 

4 

HP 

227.294 

348.240 

30 1.240 

110.240 

85.125 

28.5 13 

8.174 

2.008 

0.432 

0.083 

0.0 14 

0.002 

0.000 

0.000 

0.000 

Expected value by fitting distribution 

HNB NB-NWL HNB-NBL 

42.97 12 34.33 15 35.2000 

108:1082 189.0602 257.3264 

142.7810 171.5407 374.5123 

148.4853 147.2508 224.2159 

134.9065 124.3442 124.9979 

110.9387 104.7453 74.7692 

92.2798 88.5 186 30.3299 

66.5267 75.2206 39.3059 

45.7475 64.3310 34.8999 

32.3902 55.3816 24.8759 

20.0525 47.9862 14.3318 

14.9980 41.8357 15.1872 

10.4472 36.6865 7.9327 

6.7155 32.3472 14.2359 

4.2578 28.6669 3.4155 



54 

' .ct ' 
Vll':iH'tl 3 ( \91el) 

No. of No. of Expected value by fitt ing distribution 

hospitalization cases HP HNB NB-NWL HNB-NBL 

15 7 0.000 2.6672 25.5265 7.2272 

16 10 0.000 1.6530 22.8310 9.7388 

17 6 0.000 1.0148 20.5048 3.3424 

18 7 0.000 0.6177 18.4868 6.1387 

19 5 0.000 0.373 1 16.7277 4.8 105 

20 7 0.000 0.2238 15.1872 5.5 158 

21 2 0.000 0.1334 13.8323 1.8884 

22 5 0.000 0.0791 12.6358 4.3274 

23 2 0.000 0.0466 11 .5752 2.8561 

24 4 0.000 0.0274 10.63 15 1.6738 

25 2 0.000 0.0160 9.7890 1.5439 

26 2 0.000 0.0093 9.0345 0.5880 

27 2 0.000 0.0054 8.3566 0.6684 

28 4 0.000 0.003 1 7.7458 0.6230 

29 3 0.000 0.0018 7. 1940 2.6344 

30+ 21 0.000 0.0010 6.6942 17.9383 

Total 1459 

Parameter estimates 
.,i = 1.42 r = 3.21 r = 4. 1s r =2.47 

w = o.24 p = 0.78 a=o.s2 o = 0.98 

OJ = 0. 11 !J = 2.0I b = 1.68 

w = o. 11 

log- -525.985 
-1240.449 -978.642 -825.985 

likelihood 

K-S test 0.5 19 0.053 0.018 0.007 

p-value <0.001 0.026 0.572 0.789 
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,, ,, ' 
1'\.Jfll'j1\1tJflf:i-uiii 191tJi.l'jtff.:Jf1!'Vhr wWJ'\.Jlfll'rn'i1f1U'i1.:J Negative Binomial - New Weighted 

Lindley Distribution (NB-NWL) !ni t Hurdle Negative Binomial - New Weighted Lindley Distribution 

(HNB-NWL) \91'1ti~ 'i1'\.Jflf1117fl ru ffl.l u~ ii .:iwnm-11 'i1 ti U'\.J i 'lf'\.J fl 1m ~ tJ U'1 t fl 11l.l u u nJ n'W 
q 

~ a., & ~ I c::i. fl . jl 

'W tl f1'i11f1'WtJ<lf1f111111H11':iU 'Jtl.JltUfll'W71 llJ!\9'1 tl1'\J tl<lfl11 U 'i1f1U 'il<l NB-NWL U'1t HNB-NWL ~1tJ 

nm1t 'Wl'i1 t ttl'Wtr.:Jtr~ irnt i.l1t vn1o11"Mmrn,inu,1.:i NB-NWL U'1t HNB-NWL 1um11im1t 11 
"' q q 

' ,, 
~m.imi.:iii'U c\1.:irf1,1vff1i.J~'1f)l'j1\1tJU'1t ~tHff'\.JtlU'\.Jt fl.:J'jltJ'1t !OtJ~~tl ii.Ju 

tr 1,J f,.H,l f)l ',i 1il a 

mrn'i1f1U'i1.:J N egative Binomial - New Weighted Lindley Distribution (NB-NWL) i~m,irn 

f11'J'W ltrtl.:Jf11rn 'i1 f1U 'i1.:Jl.Jl~trl.J fltJ i~un mrn 'i1f1U 'i1.:Jtm:Jf U'1~ (Bernoulli) U'1t fll'j U 'i1f1U 'i1.:J 'Yl1 
"' 

tJ ll.J '1 'U-ilu ;rn rJci 1.:iJ1'11 ii f1 hni (NB-NWL) !Wt Hurdle Negative Binorcial - New Weighted 

Lindley Distribution (HNB-NWL) !UUfll'J'Wlfll'jU'i1f1U'i1.:J NBWL mflf11llt~m~mrltimrn'i1.:JU'i1.:J 

i!ui1fll'fl '1!f1\9'1~!fi~f1U V~u'lf 'i11 ,rn1mnu i U 1~tJ'Vllfl11 flf11llfltU if n11 tl!t'\Jtl<l f111 U'i1f1U'i1'1 i'lf'W 
"' q 

fll!u ~ tJ fl 11l.J U U 1 U 11'W trn::: 'Vl 1 f111 U 'J :::mru 'W 111iJ1\9'1 tif ~1 tJ1n MLE ~'11n f1 nu1::; lJl ru fl 1 
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.,; I lJ c:i, o' ~ o' 
vlUH~'tt1il't1 I fl1 'j~lJlW'Vll'jll.J!\?l'e)'j'IJ'e).:jfll'W'ilfHl 'iM NB-NWL 'IJ'e).:j'Vll'jllJl\?l'eJ'j r = 5, 

a = 3, b = 3 

n Parameter Estimate SD MSE 

20 r 20.89 19.32 625.85 

a 17.10 20.34 612.55 

b 11.92 13.92 273.40 

50 r 15.25 13.61 290.25 

a 11 .35 14.77 288.10 

b 7.70 9.49 112.06 

100 r 10.23 6.19 65.75 

a 5.34 6.77 51.26 

b 5.20 3.99 20.75 

200 r 8.41 3.89 26.75 

a 4.1 5 3.08 10.81 

b 4.00 2.33 6.42 
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.d ' U ei. ,I .c::::t, d' 
VIUHN'U'Jf)'fl 2 fl1 '.i~lJllli'Vil'.illJl\9H)'.i'UO·:ifil'.iU'ilf1U'il-:J NB-NWL 'U O-:J 'Vil'.illJ!\91 0'.i r = 5, 

a = 3, b = 3 

n Parameter Estimate SD MSE 

20 r 22,80 17.52 623.69 

a 17.96 18.07 550.64 

b 13.08 12.31 253.27 

50 r 17.56 15.92 411.15 

a 1 l.78 16.27 341.90 

b 8.48 9.47 119.71 

100 r 11. 12 7.78 97.97 

a 6.31 8.32 80.19 

b 5.78 4.85 31.31 

200 r 9.81 4.96 47.70 

a 4.38 4.67 23.69 

b 4.57 3. 16 12.42 
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Vl l'a NNU1fl~ 3 ~l 'U '.i~lJ7Wl'll'.illJl\91eJf'\JeJ\Jf11'.iU'ilfH!'il\J NB-NWL '\Jel\Jl'll'.i l lJl\91eJf r = 5, 

a = 3, b = 3 

n Parameter Estimate SD MSE 

20 r 26.29 21.34 908.85 

a 21.76 21.10 797.19 

b 17.68 17.39 517.88 

50 r 21.08 18.57 603.34 

a 15.06 19.30 518.09 

b 10.94 11 .54 196.09 

100 r 15.30 11.83 246.05 

a 9.52 12.52 199.32 

b 7.53 7.22 72.64 

200 r 11 .29 7.46 95.27 

a 5.84 8.20 75.30 

b 5.44 4.84 29.35 
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' Cl ' tl Q d' Q d' 
Vl l'HUf U1 fl 't1 4 m '.i~lllUJ.'W l '.i llJ! \,J'e)';j 'lJ tJ ,H)l'H!'ilfHb'il~ NB-NWL 'Utl~'Wl '.i lll!\91tl '.i r = 5, 

a = 10, b = 5 

n Parameter Estimate SD MSE 

20 r 18,02 18.45 509.76 

a 24.06 17.17 492.39 

b 12.53 9.65 149.77 

50 r 7.86 8.69 83.79 

a 22.03 15.22 376.31 

b 10.22 7.37 81.61 

100 r 6.78 6.79 49.23 

a 21.09 14.33 328.47 

b 9.7 1 7.03 71.65 

200 r 5.68 3.99 16.36 

a 19.36 13.36 266.02 

b 8.66 6.78 59.40 
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*************************************************************************** 

************** 

R code of Random generation for NB-BE Distribution 

*************************************************************************** 

************** 

mbbe <- function(n,r,a,b,c) 

{ 

rbetaexp <- function(n,a,b,c) 

{ 

x <- rep(O,n) 

k <- rbeta(n,a,b) 

for(i in 1 :n) { 

x[i] <- (-1/c)*log(-k[i)+ 1) 

sample<-x 

lambda <- rbetaexp(n,a,b,c) 

v <- mbinom(n,size=r,prob=exp(-lambda)) 

sample <- v 
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*************************************************************************** 

************** 

R code of Random generation for NB-NWL Distribution 

*************************************************************************** 

************** 

rzinbbe <- function(n,r,a,b,c,phi) 

{ 

x <- rep(O,n) 

for (i in I :n) 

{ 

U<-runif( 1,0, I) 

V<-mbbe( l ,r,a,b,c) 

If(U >= phi) { 

x[i]<-V 

} 

else if (U< phi) { 

x[i]<-0 

} 

} 

V <- X 

sample <- v 

} 
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*************************************************************************** 

************** 

*************************************************************************** 

************** 

> n <- 50; r<- 3; a <- 5; b <- 2; c <- 2; theta <- 0.2 

> x <- rzinbbe(n,r,a,b,c,theta) 

> x 

[l] 0 0 1 0 4 0 l 17 0 0 2 0 0 3 0 0 l I 0 0 0 0 3 2 0 3 0 4 6 14 0 3 2 

[34] 0 2 0 0 4 0 4 7 7 0 1 0 I 0 0 2 I 

> Frequency <- table(x) 

> Frequency 

X 

0 1 2 3 4 6 7 14 17 

25 7 5 4 4 1 2 I 

> plot (Frequency) 

> points (Frequency ,cex = l.l ,pch=20, type="p") 

~\J 

g 

~> 

t: 
~ 
i! 
.:.: 

;? 

"' . 

0 I I 
r ,-, 

(J l i ' 4 6 7 14 17 



67 

*************************************************************************** 

************** 

*************************************************************************** 

************** 

zinbbe <- function(x,r,a,b,c,phi) 

if(x==O) { 

p <- phi+(l -phi) * (factorial(r+x-1 )!( factorial(r-1 )*factorial(x))) 

*(beta(b+(r/c),a)/beta(a,b)) 

} 

else if (x>O) { 

pp I <- beta(b+(r/c),a) 

for (j in I :x) { 

pl <- ((factorial(x)/( factorial(x-j)*factorial(j)))*((-1 )"j)*(beta(b+((r+j)/c),a))) 

ppl <-ppl+pl 

} 

p <- (l -phi)*(factorial(r+x-1 )/( factorial(r-1 )*factorial(x)*beta(a,b )))*pp 1 

} 

p 
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*************************************************************************** 

************** 

_ I 1 "> l V ">Cl l ~ ~- 1 
fll'.ilJ'.i~mWfll't'fl'lUJ&Ylel'.i'Uel-:jfll'rnilnUM NB-NWL ~ 1f.111i MLE g~f.lg'II m '.iUf)'.i'lJ R 

*************************************************************************** 

************** 

mlogl <- function(theta,x) 

fnbbe <- function(theta,x) 

mm <- length (x) 

k <- numeric (mm) 

nbbe <- function (theta,x) 

{ 

if (x==O) { 

p<- -log(theta[5]+(l-theta[5]) 

*(beta( theta[3 ]+( theta[ 1 ]/theta[ 4 ]), theta[2]) 

/beta( theta[2] ,theta[3]))) 

else if (x>O) { 

pp l <-(beta(theta[3 ]+(theta[ 1 ]/theta[ 4 ]),theta[2]) 

/beta( theta[2] ,theta[3])) 

for (j in l :x) { 

p l <- ((factorial(x)/( factorial(x-j)*factorial(j))) 

ppl <- ppl +pl 

*((-1 )"j )*(beta(theta[3 ]+((theta[ 1 ]+j )/theta[ 4 ]), 

theta[2 ])/beta( theta[2] ,theta[3]))) 

p <- (-log(l-theta[5)))-log(factorial(theta[l]+x-1))+ 

log(factorial(theta[ 1 )-1 ))+log(factorial(x))-log(pp 1 ); 



p 

} 

for(i in 1 : length(x)) { 

k[i]<-nbbe(theta,x[i]) 

} 

k 

sum(fnbbe(theta,x)) 

} 

theta.start <- c(l , 1, 1, 1,. 1) 

out <- nlm(mlogl, theta.start, x = x) 

r_MLE <- out$estimate[l] 

a_MLE <- out$estimate[2] 

b_MLE <- out$estimate[3] 

c_MLE <- out$estimate[4] 

omega_MLE <- out$estimate[5] 
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library(VGAM) 

rhnbtwcr<-function(n,r,lambda,theta,omega) 

rposnbtwcr<-function(n,r,lambda,theta) 

rposnegbin<-function (n,size,prob=NULL,munb=NULL) 

k<-r 

size<-k 

munb<-(k*((l -((theta/(1 +theta))*(l -sqrt(l -(2*theta))))) 

*exp(lambda*(l-sqrt(i-(2*theta)))) 

/(sqrt( 1-(2 *theta)))))-k 

qnbinom(p=runif(n,min=dnbinom(O,size,mu=munb)),size,mu=munb) 

X <-rposnegbin(n,size,prob=NULL,munb=NULL) 

} 

x<-rep(O,n) 

{ 

for(i in I :n) { 

u<-runif(l) 

v<-rposnbtwcr( l ,r,lambda,theta) 

if(u<=omega) {x[i]<-0} 

if(u>omega) {x[i]<-v} 

} 

} 

sample<-x 
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dhnbnwl<-function(x,r,a,b,omega) 

281 

{ 

mm<-length(x) 

k<-numeric(mm) 

hnbtwcr<-function(x,r,a,b,omega) 

if (x==O){ 

p<-omega 

}else 

if(x>O){ 

ppl <-(exp((-lambda)*sqrt( I +(2*theta*r)))/sqrt(l +(2*theta*r))) 

*(1-((theta/(l +theta))*( 1-sqrt(l +(2 *theta *r))))) 

for(j in 1 :x){ 

p 1 <-((factorial(x)/(factorial(x-j)*factorial(j)))*((-1 fj) 

*(exp((-lambda)*sqrt( 1 +(2*theta*(r+j)))) 

/sqrt(l +(2*theta*(r+j)))) 

*(1-((theta/(1 +theta))*(l-sqrt(l +(2*theta*(r+j))))))) 

ppl<-ppl+pl 

} 

p<-(l -omega)*(factorial(r+x- 1)/( factoria l(r-1) 

*factorial(x)) )*( exp(iambda) )*pp 1 

*(1/(1 -((exp(lambda*(l-sqrt(l +(2*theta*r))))) 

*(1-((theta/(1 +theta)) 

*(1-sqrt(l +(2*theta*r))))) 

/(sqrt( I +(2 *theta *r )))))) 

} 

p 
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library(stats) 

mlogl<-function(theta,x) 

fhnbtwcr<-function(theta,x) 

mm<-length(x) 

k<-numeric(mm) 

hnbtwcr<-function(theta,x) 

if(x==O){ 

p<-(-log(theta[ 4])) 

}else 

if(x>O){ 

pp 1 <-(exp( (-theta[2])*sqrt(l +(2*theta[3 ]*theta[ 1 ]))) 

/sqrt(l +(2 *theta[3] *theta[ l ]))) 

*(l-((theta[3]/(l +theta[3])) 

*(1-sqrt(l +(2*theta[3 ]*theta[ 1 ]))))) 

forU in 1 :x) { 

p 1 <-((factorial(x)/(factorial(x-j)*factorialU)))*((-1 )'j) 

*(exp((-theta[2])*sqrt(l +(2 *theta[3] *(theta[ 1 ]+j)))) 

/sqrt(l +(2*theta[3 ]*(theta[ l ]+j)))) 

*(l-((theta[3]/(l +theta[3])) 

*(1-sqrt(l +(2 *theta[3] *(theta[ l ]+j)) ))))) 

ppl<-ppl+pl 
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